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We review different expressions that have been proposed for the stress tensor
and for the linear momentum of light in dielectric media, focusing on the Abraham and Minkowski forms. Analyses of simple models and consideration of
available experimental results support the interpretation of the Abraham momentum as the kinetic momentum of the field, while the Minkowski momentum
is the recoil momentum of absorbing or emitting guest atoms in a host dielectric. Momentum conservation requires consideration not only of the momentum of the field and of recoiling guest atoms, but also of the momentum the
field imparts to the medium. Different model assumptions with respect to electrostriction and the dipole force lead to different expressions for this momentum. We summarize recent work on the definition of the canonical momentum
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Momentum of Light in a Dielectric
Medium
Peter W. Milonni and Robert W. Boyd

1. Introduction
In a vacuum, the energy and linear momentum per unit volume carried by an
electromagnetic wave are, respectively,
1
u = 共⑀0E2 + µ0H2兲,
2
1
g=

c2

共1兲

E ⫻ H = D ⫻ B,

共2兲

in the usual notation for the fields and the speed of light 共c兲. For a monochromatic plane wave,
E共r,t兲 = x̂E0 cos 共t − z/c兲,

H共r,t兲 = ŷ

冑

⑀0
µ0

E0 cos 共t − z/c兲,

共3兲

these energy and momentum densities are
1
u = ⑀0E20
2

1
and

g=

2c

ẑ⑀0E20

共4兲

when we replace cos2 共t − z / c兲 by its average, 1 / 2.
We can express these quantities in terms of photons by writing u = qប / V, where
q is the average number of photons in a volume V. This implies from Eq. (4) that
we should replace E20 with 2qប / ⑀0V and therefore g with qប / cV, consistent
with a single photon in vacuum having a linear momentum p = ប / c and with
the requirement of special relativity that the energy E and linear momentum p of
a particle with zero rest mass satisfy E = pc.
We can extend these considerations heuristically to a wave with
E共r,t兲 = x̂E0 cos 共t − nz/c兲,

H共r,t兲 = ŷ

冑

⑀
µ0

E0 cos 共t − nz/c兲

共5兲

in the case of a dielectric medium with refractive index n = 冑⑀ / ⑀0 at the frequency
. For utmost simplicity we assume for now that both absorption and dispersion are
negligible at frequency , so that n may be taken to be real and d⑀ / d to be 0. We
will also assume, throughout this review, that µ ⬵ µ0, generally an excellent approxiAdvances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519
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mation at optical frequencies. Then the cycle-averaged energy density is
1
u = ⑀E20 .
2

共6兲

However, the form of the momentum density depends on which form of Eq. (2)
we use. If we use the 共1 / c2兲E ⫻ H form, we obtain the (cycle-averaged) momentum density
1
g=

2c

ẑ
2

冑

⑀

E20 .

µ0

共7兲

Using the same little heuristic argument as above to express this momentum in
terms of photons, we write u as qប / V, E20 as 2qប / ⑀V, and therefore g as
g=

q ប
V nc

共8兲

ẑ,

implying that the momentum of a photon in a dielectric medium is
pA =

1 ប
n c

共9兲

.

It is often asserted, however, that the momentum of a photon in a dielectric medium is ប times the wave vector:
pM = ប兩k兩 = n

ប
c

.

共10兲

In fact, this form follows directly from the B ⫻ D form of Eq. (2). Here pA is the
“Abraham” expression for the photon momentum in a dielectric medium,
whereas pM is the “Minkowski” expression. There is a long-standing question as
to which expression is correct, and this review is primarily concerned with this
question.
The theory of light momentum has an interesting history even when restricted to
the propagation of light in a vacuum or nearly a vacuum. Maxwell deduced from
his electromagnetic theory that a light wave has a momentum density given by
Eq. (2), i.e., a pressure P = I / c, where I = cu is the intensity. Adolfo Bartoli concluded independently that the second law of thermodynamics requires this same
expression for radiation pressure. If the intensity of sunlight at the Earth’s surface is assumed to be 1.4 kW/ m2, it follows that P = 4.7⫻ 10−6 N / m2, not far
from Maxwell’s estimate of 8.82⫻ 10−8 lb/ ft2. According to Maxwell [1], “A flat
body exposed to sunlight would experience this pressure on its illuminated side, and
would therefore be repelled from the side on which the light falls. It is probable that
a much greater energy of radiation might be obtained by means of the concentrated
rays of the electric lamp. Such rays falling on a thin metallic disk, delicately suspended in a vacuum, might perhaps produce an observable mechanical effect.”
Shortly thereafter Crookes, initially unaware of the earlier theoretical work, began an
extensive series of experiments on “attraction and repulsion” due to radiation. He
observed that hot objects repelled a pith ball, and since the density of surrounding air
was such as to rule out convection as the cause of the repulsion, he cautiously suggested that the effect was due to “a repulsive action of radiation” [2]. Maxwell, acting as a referee of several of Crookes’s papers [3], initially regarded Crookes’s data
Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519
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as a confirmation of his theory. The fluid dynamicist Reynolds was apparently the
first to understand that the force must be a more complicated consequence of heating
than radiation pressure [4]. Indeed in further experiments following the construction
of his eponymous radiometer, Crookes found that it was the blackened sides of the
vanes of the radiometer and not the silvered ones that were seemingly being pushed
away from the source of radiation, whereas radiation pressure would have the opposite effect. Maxwell and Reynolds both subsequently published detailed analyses of
the Crookes radiometer based on Reynolds’s ideas. Over the next half-century hundreds of papers on the subject were published, and to this day the theory of radiometric forces remains a subject of research [5–7].
The first direct experimental demonstration of radiation pressure was evidently
made by Lebedev [8], who inferred the pressure from the deflection caused by
the reflection of light off a small mirror hanging from a torsion fiber in an evacuated glass jar. Similar experiments were performed at the same time by Nichols
and Hull [9,10], who were able to more accurately subtract out the force on the
mirror due to ambient gas effects rather than radiation pressure; they concluded
that “The Maxwell–Bartoli theory is thus quantitatively confirmed within the
probable errors of observation.” It is worth emphasizing how weak were the
forces measured by these pioneers. Nichols and Hull, for example, measured
forces of the order of 7 ⫻ 10−5 dynes on a mirror of diameter ⬃13 mm, corresponding approximately to the radiation pressure of sunlight calculated by Maxwell.
The forces they measured are comparable with the gravitational force between two
3 kg masses separated by a meter. Gerlach and Golsen later confirmed the
Maxwell–Bartoli theory to an accuracy of 2% [11].
The list of the many people who have contributed to the theory of the Crookes
radiometer includes Einstein [12]. Far more important, of course, was his work
on the photon concept. In his celebrated 1905 paper on the photoelectric effect,
Einstein postulated that a photon of radiation of frequency  has an energy ប,
and, based on the formula E = pc noted earlier, one might think that he would
also have postulated a photon momentum p = ប / c. But neither Einstein nor
anyone else associated this momentum with a photon until 1916; Pais [13] has
called attention to this “remarkable fact that it took the father of special relativity
theory twelve years to write down the relation 关p = ប / c兴 side by side with 关E
= ប兴.” What Einstein did in 1916 was to show that the recoil momentum ប / c
that accompanies the absorption and emission of radiation by atoms is consistent
with the Planck spectrum of thermal equilibrium radiation. He considered this
result to be more important than his derivation of the Planck spectrum based on
his A and B coefficients, because “a theory [of thermal radiation] can only be regarded as justified when it is able to show that the impulses transmitted by the
radiation field to matter lead to motions that are in accord with the theory of
heat” [14,15].
Frisch [16] verified “Einstein’s recoil radiation” in experiments on the deflection
of atomic beams by radiation, and more accurate experiments were later performed with laser radiation [17]. There is of course plenty of evidence that photons have momentum ប / c, and the exchange of this momentum between atoms
and light is the basis for laser cooling and trapping, among other things.
But what about the momentum of light in a dielectric medium? In the experiments cited thus far it was not possible to observe any difference between the
momentum of light in a vacuum and in a material medium because the refractive
index was so close to unity. As discussed below, however, there have been other
Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519

523

types of experiment in which this difference has been observed and which have
a direct bearing on the Abraham–Minkowski controversy. We begin in the following section by reviewing different stress tensors and momentum densities
that have been proposed for electromagnetic radiation in material media, restricting our considerations to dielectric media and field frequencies at which
absorption is negligible. We devote most of our attention, throughout this review,
to the Abraham and Minkowski formulations. The field momentum in the Abraham theory is widely regarded as being the correct one, while at the same time
the Minkowski momentum correctly describes, for example, the observed recoil
of objects embedded in dielectrics; this circumstance explains in part why the
Abraham and Minkowski theories have been the most widely favored ones, and
why different authors have advocated the use of one over the other. In Section 3
we discuss two basic and instructive examples of the momentum exchange between light and matter: (i) the recoil and displacement of a transparent dielectric
block when light passes through it, and (ii) the Doppler effect in the absorption
or emission of light by an atom. These examples are intended to highlight the
significance of the Abraham and Minkowski momenta, respectively. Section 4 is
a brief overview of experiments on momentum exchange involving light propagating in a dielectric medium, and in Section 5 we analyze a few examples of
such momentum exchange. In Section 6 we review the concepts of canonical and
kinetic momentum and their relevance to the Abraham–Minkowski controversy,
and in the final section we summarize our conclusions with respect to it.
There is no shortage of reviews of this topic; see, for instance, Refs. [18–25]. In
fact the literature on the comparison of the Abraham and Minkowski stress tensors is sufficiently large that we can claim familiarity with only a portion of it.
This review is intended for readers with little or no previous exposure to the subject. We will not be concerned with formal symmetry and transformation properties of the fully relativistic energy-momentum tensor, and the 3 ⫻ 3 Maxwell
stress tensor appropriate to considerations of electromagnetic momentum will
be introduced and discussed mainly in connection with recoil forces in dielectric
media.

2. Different Forms of the Stress Tensor
The macroscopic Maxwell equations are
ⵜ · D = ,

ⵜ⫻E=−

ⵜ · B = 0,

B
t

,

ⵜ ⫻H=J+

D
t

,

共11兲

in the standard notation. The force on a volume V of the material medium may be
obtained by consideration of the integral over this volume of the Lorentz force
density E + J ⫻ B. It follows straightforwardly from Maxwell’s equations that
this integral, equal to the rate of change of the “mechanical” momentum Pm of
the material in the volume V, is
Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519
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dp
dV = 冕 关E + J ⫻ B兴dV
冕
dt
dt
D
⫻ B册 dV
= 冕 冋 共ⵜ · D兲E + 共ⵜ ⫻ H兲 ⫻ B −
t
B 
− 共D ⫻ B兲册 dV
= 冕 冋 共ⵜ · D兲E + 共ⵜ ⫻ H兲 ⫻ B + D ⫻
t t
= 冕 关共ⵜ · D兲E + 共ⵜ · H兲B − D ⫻ 共ⵜ ⫻ E兲 − B ⫻ 共ⵜ ⫻ H兲兴dV
d
− 冕 共D ⫻ B兲dV,
dt

dPm

m

⬅

V

V

V

V

V

共12兲

V

and therefore that

冕 冋 dtd 共p + D ⫻ B兲册dV = 冕 关共ⵜ · D兲E + 共ⵜ · H兲B − D ⫻ 共ⵜ ⫻ E兲
m

V

V

− B ⫻ 共ⵜ ⫻ H兲兴dV.

共13兲

We have added 0 = 共ⵜ · H兲B to the right-hand sides in order to put these equations
in a form more symmetrical in the electric and magnetic fields. If we assume a
linear (but not necessarily isotropic) relation between D and E, it also follows
from Maxwell’s equations that we can write the ith Cartesian component of a
force density as
d
dt

3

TM
ij

j=1

xj

共pm + D ⫻ B兲i = 兺

共14兲

,

where the stress tensor has components
1
TM
ij = EiDj + HiBj − 共E · D + H · B兲␦ij
2

共i,j = 1,2,3兲.

共15兲

2.1. Minkowski and Abraham
If one accepts the validity of the macroscopic Maxwell equations, there can be
no objections to Eqs. (14) and (15). These equations suggest that the total momentum density is the mechanical momentum density pm plus
gM = D ⫻ B,

共16兲

in terms of which Eq. (14) is

冉

E + J ⫻ B +

gM
t

冊

3

TM
ij

j=1

xj

=兺
i

.

共17兲

Equation (16) defines the Minkowski momentum density, and TM
ij is the
Minkowski form of the stress tensor.
Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519
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Let us also recall another relation—Poynting’s theorem—that follows from the
macroscopic Maxwell equations:
ⵜ·S=−J·E−E·

D
t

B

−H·

t

共18兲

.

The Poynting vector S = E ⫻ H gives the flux of electromagnetic energy. The
right-hand side is the rate of change of the total energy, that of the field plus that
of the material medium, but only energy attributable to the field actually propagates out of any given volume element of the medium. (This assumes that we can
ignore any elastic forces in the material that can cause “mechanical” energy to
be transported.) In other words, S = E ⫻ H gives the energy flux of the field in the
medium as well as in free space. From this assumption, and the relation g
= S / c2 of special relativity theory for the momentum density associated with any
process, electromagnetic or otherwise, by which energy is transported with a
flux S, we are led to assign to the field a momentum density
gA = E ⫻ H/c2 .

共19兲

This defines the Abraham momentum density [Eq. (2)]. Using D ⫻ B = 共1 / c2兲
⫻共1 + n2 − 1兲E ⫻ H for an effectively nondispersive and isotropic linear medium
with refractive index n, we can write Eq. (14) as

冉

gA

E + J ⫻ B + fA +

t

冊

3

TM
ij

j=1

xj

=兺
i

,

共20兲

where
fA =


2
共E ⫻ H兲
共n
−
1兲
c2
t
1

共21兲

is the so-called Abraham force density.
Equation (17) suggests that the force density acting on the material medium is
3

共fM兲i = 兺
j=1

TM
ij
xj

−

冉 冊
gM
t

,

共22兲

i

whereas according to Eq. (20) the force density acting on the medium is
3

共fA兲i = 兺
j=1

TM
ij
xj

−

冉 冊
gA
t

,

共23兲

i

i.e.,
fA = fM +

gM
t

−

gA
t

= fM + fA .

共24兲

Thus in the Minkowski formulation the force acting on the particles of the dielectric medium is obtained by subtracting gM / t from 兺jTM
ij / xj, suggesting
that the field momentum density is gM. In the Abraham interpretation as just described, however, the force on the medium is obtained by subtracting gA / t
from 兺jTM
ij / xj under the assumption that the momentum density of the field is
gA. In this interpretation there appears the force density fA that, together with the
Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519
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Lorentz force density E + J ⫻ H, gives the total force on the material medium,
as is clear from Eq. (20).
Of course both the Minkowski and Abraham momentum densities, gM and gA,
are defined in terms of measurable quantities and are themselves therefore measurable in principle. Either momentum density will comport with conservation
of linear momentum, the only difference being in how we choose to apportion
the total momentum between the field and the material medium. This is of course
obvious from the equation

冉

E + J ⫻ B +

gM
t

冊冉

= E + J ⫻ B + fA +

gA
t

冊

.

共25兲

On the left-hand side we could interpret gM as field momentum density; on the
right-hand side we could interpret gA as field momentum density, but then, compared with the left side, we have an additional (Abraham) force (and momentum) density associated with the medium. The generally accepted view, which
we advocate here, is that gA is the momentum density of the field. Once we adopt
this viewpoint, “It is…impossible to question [the Abraham force density] notwithstanding that it has as yet not been reliably measured directly. In that way the
problem would be solved ‘in favor’ of the Abraham tensor” [26]. Measurements
of the Abraham force density fA are discussed in Section 4.
The stress tensor TM
ij is the spatial part of a four-dimensional energy-momentum
tensor employed by Minkowski [27,28] in the context of the electrodynamics of
moving bodies. For an isotropic medium that is effectively dispersionless at frequencies of interest, and which has no free charges or currents 共 = J = 0兲, the
Minkowski force density (22) reduces to
1
fM = − E2 ⵜ ⑀ .
2

共26兲

Minkowski’s energy-momentum tensor (15) is not symmetric. Even the 3 ⫻ 3
matrix TM
ij defined here is not symmetric in the general case of an anisotropic
medium. This lack of symmetry led Abraham [29,30] to introduce a different,
symmetric energy-momentum tensor, the 3 ⫻ 3 (spatial) part of which is
1
1
1
TAij = 共EiDj + EjDi兲 + 共HiBj + HjBi兲 − 共E · D + H · H兲␦ij .
2
2
2
In terms of this tensor,
3

共fA兲i = 兺
j=1


xj

TAij −

冉 冊
gA
t

= 共fM兲i + 共fA兲i ,

共27兲

共28兲

i

or
1
fA = − E2 ⵜ ⑀ + fA
2

共29兲

for an isotropic and dispersionless medium. We remind the reader of the distinction between fA and fA: fA is the force density acting on the medium in the Abraham formulation of the stress tensor, whereas fA is the “Abraham force density”
that appears in addition to the Lorentz force density in this formulation.
Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519
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We regard the argument leading to Eq. (19) as a strong one for interpreting gA as
the momentum density of the field; more direct arguments based on specific
models are presented below. This interpretation appears to be generally accepted. Jackson [31], for example, states that “all workers agree on the definition” of gA as the electromagnetic momentum density, and Landau and Lifshitz
[32] clearly adopt this definition when they subtract gA / t from the total force
density to obtain the force density acting on the material medium, as in Eq. (23).
Ginzburg [33] writes that “All we have said allows us to take the Abraham tensor
to be the ‘correct’ one ….”
A more general formulation of the stress tensor describing electromagnetic
forces in a dielectric fluid leads to the force density first derived by Abraham
[29,30,34], which has been regarded as “one of the most important results of the
electrodynamics of continuous media” [35]:

冋 册

f = − ⵜP + ⵜ 

⑀ 1


1
1
E2 − E2 ⵜ ⑀ + 2 共n2 − 1兲 共E ⫻ H兲,
 2
2
c
t

共30兲

where  is the mass density and P is the pressure in the fluid, which depends on
the field only to the extent that the field can affect the density and temperature.
The second term on the right-hand side is associated with electrostriction. Under
conditions of frequent interest, such as when there is mechanical equilibrium
[20,35,36], it is cancelled by the first term, and the net force density reduces to
the Abraham force density (29):
1

1
f = − E2 ⵜ ⑀ + 2 共n2 − 1兲 共E ⫻ H兲 = fA .
2
c
t

共31兲

Unless otherwise noted, we will assume that this cancellation holds and ignore
electrostriction.

2.2. Microscopic Perspective on Force Density
The Lorentz force on a charge distribution of density  is F = 兰关E
+ ṙ ⫻ B兴d3r. For two oppositely charged 共 ± q兲 point charges at R and R + x
this reduces to F = q关E共R + x兲 − E共R兲兴 + q共Ṙ + ẋ兲 ⫻ B共R + x兲 − qṘ ⫻ B共R兲
= qx · ⵜE共R兲 + qẋ ⫻ B共R兲 as x → 0. In other words, the force on an electric dipole
moment d = qx in an electromagnetic field is
F = 共d · ⵜ兲E + ḋ ⫻ B.

共32兲

Introducing the polarizability ␣, we can express this force as

冋
冋冉 冊
冋冉 冊

F = ␣ 共E · ⵜ兲E +

E
t

⫻B

册

=␣ ⵜ

H

E2 − E ⫻ 共ⵜ ⫻ E兲 + µ0 共E ⫻ H兲 − µ0E ⫻
2
t
t

=␣ ⵜ


E2 + µ0 共E ⫻ H兲 .
2
t

1

1

册

册
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Using N␣ = ⑀ − ⑀0, we obtain the force density for a medium of N dipoles per unit
volume:

冋冉 冊


E2 + µ0 共E ⫻ H兲
2
t
1

fdipoles = 共⑀ − ⑀0兲 ⵜ

= ⑀0共n2 − 1兲 ⵜ
= ⑀0共n2 − 1兲 ⵜ

冉 冊
冉 冊
1

2

1

2

E2 +

册


共n2 − 1兲 共E ⫻ H兲
c
t
1

2

共34兲

E2 + fA ,

which obviously differs in general from both fM and fA as defined by Eqs. (26)
and (29), respectively.
Gordon [37] attributes this difference to the fact that the local field acting on an
electric dipole and the macroscopic field are not the same. To pursue this point
further, we follow Gordon and write the force density (30) as
f = − ⵜP + fdipoles + ⵜ

再冋



d⑀
d

− 共 ⑀ − ⑀ 0兲

册 冎
1

2

E2 .

共35兲

The last term on the right vanishes if ⑀ − ⑀0 is simply proportional to the density
, i.e., if we assume that the local field and the macroscopic field are the same;
this assumption was used in the derivation of Eq. (34). Aside from a force density associated with a pressure gradient, therefore, the difference between f and
fdipoles may be attributed to the difference between macroscopic and local fields. If,
for instance, we assume the Lorentz–Lorenz local field leading to the Clausius–
Mossotti relation,

⑀ − ⑀0
⑀ + 2⑀0

= A ,

共36兲

then the difference between f and fdipoles is second order in ⑀ − ⑀0,



d⑀
d

− 共 ⑀ − ⑀ 0兲 =

1
3⑀0

共 ⑀ − ⑀ 0兲 2 ,

共37兲

and is negligible for a sufficiently dilute medium.
The difference between f and fdipoles is closely related to the difference between the
“polarization” approach of Kelvin and the “energy” approach of Helmholtz in the
theory of the force on a dielectric fluid in an electric field [20,38]. The Kelvin approach, like the derivation here of fdipoles, ignores the interactions between the dipoles, whereas they are included in the more general Helmholtz theory. For our purposes here we can assume a dielectric medium of sufficiently low density that
dipole–dipole interactions are negligible and that local field corrections can be ignored.

2.3. Einstein and Laub
While the Abraham and Minkowski stress tensors are by far the most widely
cited and compared, they are not the only ones that have been proposed. The
stress tensor originally advocated by Einstein and Laub [39], for instance, is
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1
2
2
TEL
ij = EiDj + HiBj − 共⑀0E + µ0H 兲␦ij
2

共38兲

in the case of the purely dielectric, nonmagnetic media of interest here. The field
momentum density in the Einstein–Laub formulation is gA, the Abraham form,
and the force density is therefore
3

fEL = 兺
j=1

TEL
ij
xj

−

冉 冊
gA
t

共39兲

,
i

which is found, by using Maxwell’s equations for  = J = 0, to be


1
1
1
fEL = 共P · ⵜ兲P + Ṗ ⫻ B = 共P · E兲 − E2 ⵜ ⑀ + 2 共n2 − 1兲 共E ⫻ H兲
2
2
c
T
1
= fA + 共P · E兲
2

共40兲

at frequencies for which dispersion is negligible. The first equality is physically
intuitive: it gives the force density as just the number density N times the force
on an individual electric dipole, expressed in terms of the polarization density
P = Np, ignoring any local field corrections. The last equality shows that there is
1
an extra term 2 共P · E兲 compared with Abraham’s fA.
The Einstein–Laub tensor has never been generally regarded as a viable alternative to the Minkowski or Abraham tensors. Historically, this is partly due to its
implications for the effect of a magnetic field on a conductor with current density J: Einstein and Laub found a force density involving J ⫻ H rather than the
universally accepted J ⫻ B. Another reason was Einstein’s own rejection of it, a
few years after the publication of the Einstein–Laub paper [40].

2.4. Peierls
Peierls [41,42] argued that none of the forms of the stress tensor written thus far
is correct and proposed a different form based on a microscopic approach related to the local field corrections discussed earlier. According to him the field
momentum has the Abraham form, while the correct total momentum density
for a uniform medium is
gP =

冋

n2 + 1
2

−


2

册 冋

共n2 − 1兲2 gA =

1 1

2 n

+n−


n

册

共n2 − 1兲2 gvac ,

共41兲

where  is a numerical coefficient and gvac is the momentum density in a vacuum.
The stress tensor appropriate to Peierls’s theory is [20]

冋

TPij = ⑀ +



册

1
共⑀ − ⑀0兲2 EiEj + HiBj − ␦ij
⑀0
2

冉冋

⑀0 −



⑀0

册

冊

共 ⑀ − ⑀ 0兲 2 E 2 + µ 0H 2 .
共42兲

For n ⬵ 1 Eq. (41) reduces to the average of the Minkowski and Abraham momenta on a per-photon basis:
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1
pP =

2

冉 冊
n+

1 ប

n

1
= 共pM + pA兲.
c
2

共43兲

In Peierls’s calculation of  he includes the effects of neighboring dipoles on the
local electric field gradient appearing in Eq. (32). He obtains  = 1 / 5, from
which we conclude that the total momentum predicted in the case of a uniform
medium is
1
pP =

10n

共4n + 7n2 − n4兲

ប

共44兲

c

on a per-photon basis. For n larger than about 2.8, pP ⬍ 0, implying a total momentum in the direction opposite to the direction of field propagation [41,42].
While Peierls’s arguments seem plausible, the available experimental results cast
doubt on the theory, as discussed briefly in Section 4.

2.5. Modifications Due to Dispersion
We now consider the effects of dispersion on photon momentum. Because the
Einstein–Laub and Peierls theories are not regarded as viable alternatives to
those of Abraham and Minkowski, we will consider specifically only the modifications of pA and pM due to dispersion.
Recall that the cycle-averaged electromagnetic energy density at frequencies at
which absorption is negligible is given by [43]
1
u=

冋

d

4 d

册

共⑀兲兩E兩2 + µ0兩H兩2 .

共45兲

Here E = E共r兲e−it, H = H共r兲e−it, and ⑀ is real under the assumption that there
is no absorption at frequency . u is the total electromagnetic energy density for
the (passive) medium and the field. We continue to assume a purely dielectric
medium 共µ = µ0兲. For a monochromatic plane wave, 兩ⵜ ⫻ H兩 = k兩H兩
= 冑⑀µ0兩H兩, and from the Maxwell equation ⵜ ⫻ H = −i⑀E it follows that
兩H兩2 = 共⑀ / µ0兲兩E兩2. Then Eq. (45) takes the form
1
u = ⑀0nng兩E兩2 ,
4

共46兲

with
d
ng =

d

共n兲 = n + 

dn
d

共47兲

the group index.
We now proceed as in the Introduction, Section 1, to express the Abraham and
Minkowski momenta in terms of photons. When the field is quantized in a volume V, u is in effect replaced by qប / V, where q is the expectation value of the
photon number in the volume V, so that E2 is effectively replaced by
2ប / 共⑀0nngV兲 per photon. Thus the Abraham momentum associated with a
single photon’s worth of energy is
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n1
pA =

c2

⑀0

2ប

⑀0nngV

V=

1 ប
ng c

共48兲

,

and similarly

⬘ =
pM

n2 ប

共49兲

ng c

is the Minkowski momentum attributed to a single photon. For reasons that will
become clear below, we use a prime to distinguish Eq. (49) from the Minkowski
momentum (10). One can arrive at these same expressions more formally by
quantizing the fields E, D, H, and B in a dispersive medium [44].
Two points are worth noting in connection with these formulas. First, as is well
known, the group index ng can be negative. However, under our assumption that
absorption is negligible at frequencies  of interest, ng is in fact positive for any
passive medium. This follows from the identity
1
ng =

2

冑 冑 冉 冊
⑀

⑀0

+

1

⑀0 d

⑀

2

⑀ d ⑀0

.

共50兲

The Kramers–Kronig dispersion formula relates the real 共⑀R兲 and imaginary 共⑀I兲
parts of the permittivity as follows:

⑀ R共  兲 − 1 =

冕

2

⬁

 ⬘⑀ I共  ⬘兲

0

 ⬘2 −  2

d⬘ .

共51兲

In the usual form of this relation the integral on the right-hand side is the Cauchy
principal part, but since ⑀I共兲 = 0 by our assumption of no absorption at frequency , what appears in Eq. (51) is an ordinary integral. Therefore
d⑀R
d

=

冕


4

⬁

0

 ⬘⑀ I共  ⬘兲
共  ⬘2 −  2兲 2

d⬘ ,

共52兲

which is positive for any passive (nonamplifying) medium, i.e., for any medium
for which ⑀I共兲 ⬎ 0 at all frequencies. It then follows from Eq. (50) with ⑀ = ⑀R
that ng ⬎ 0. A similar proof can be given for negative-index media [45].
The second point concerns the factor n / ng in formula (49) for pM
⬘ . To address this
point, let us first recall that the equation 共k兲 = kc / n共兲 for the wave number allows different solutions that we associate with different polariton branches of the
coupled matter–field system. Consider, for example, the simplest model of a dielectric medium, for which there is only a single resonance frequency 0 such
that the real part of the refractive index satisfies
n 共兲 = 1 +
2

2p
20 − 2

.

共53兲

The dispersion equation k = n共兲 / c takes the form

4 − 共2p + 20 + k2c2兲2 + k2c220 = 0,

共54兲

with two solutions:
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Figure 1





















y =  / 0 versus x = kc / 0 for the two polariton branches given by Eq. (55). In
this example p / 0 = 0.1.

1
1
±2 = 共20 + 2p + k2c2兲 ± 冑共20 + 2p + k2c2兲2 − 4k2c220 .
2
2

共55兲

Thus in this model there are two different allowed  − k curves (polariton
branches) separated by a stopband (Fig. 1). More generally the frequency  appearing in our expressions for pA, pM, and pM
⬘ must, of course, be understood to
correspond to but one of the (possibly many) polariton branches of the dielectric.
One finds after some algebra that the sum of the ratios n / ng for the two branches
of the single-resonance model is equal to 1. Interestingly, it may be shown more
generally that
n共i兲

兺 n 共 兲 = 1,
i

g

共56兲

i

the summation being over all the polariton branches of the dielectric [46–48]. As
discussed in Section 6, this sum rule has important ramifications relating to
whether pM
⬘ as defined by Eq. (49) should be identified as the Minkowski momentum of a photon in a dispersive medium.

3. Examples of Momentum Transfer between Light
and Matter
We now turn our attention to a few basic examples of the transfer of momentum
between light and matter. These examples will be used to support the interpretation of the Abraham momentum as the momentum of the field, whereas the
Minkowski momentum is the momentum that the field imparts to atoms in a dielectric medium. For simplicity we assume in each of these examples that dispersion is negligible at the frequency  considered.

3.1. The Balazs Block
For our first example we consider a block of mass M, refractive index n, and
thickness a. The block is initially at rest on a frictionless surface (Fig. 2). A
Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519

533

Figure 2

A block with refractive index n on a frictionless surface and initially at rest is
displaced by ⌬x when it transmits a photon.
single-photon pulse of frequency  is incident on the block, which is assumed to
be nonabsorbing at frequency  and to have antireflection coatings on its front
and back surfaces. If the photon momentum is pin inside the block and pout in the
vacuum outside it, the block will pick up a momentum MV = pout − pin when the
pulse enters. Outside the block the photon momentum is pout = mc, where m = E / c2
= ប / c2 is the mass associated with the photon. Similarly pin = mv, where v is the
velocity of light in the block. If there is no dispersion, v = vp = c / n, and the momentum of the photon in the block is evidently given by pin = mc / n = ប / nc = pA, the
Abraham photon momentum. The crucial assumption in this argument, originally
made in essentially this way by Balazs [49], is that the velocity of light in the dispersionless medium is the phase velocity vp. Together with momentum conservation,
this assumption leads to the conclusion that the momentum of the field has the Abraham form.
This can in principle be tested experimentally. Conservation of momentum requires that MV = m共c − v兲. When the pulse exits the block, the block recoils and
comes to rest and is left with a net displacement
⌬x = V⌬t =

a ប
共c − v兲 =
共n − 1兲a
M
v Mc2
m

共57兲

as a result of the light having passed through it. If the photon momentum inside
the block were assumed to have the Minkowski form nប / c, however, the displacement of the block would in similar fashion be predicted to be
⌬x =

ប
Mc2

an共1 − n兲.

共58兲

Obviously these two different assumptions about the photon momentum in the
medium can lead to different predictions for both the magnitude of the block displacement and its direction.

3.2. The Doppler Effect
In the absence of an experimental test the example just considered does not
prove that the momentum of a photon in a dielectric medium is pA = ប / nc, but
only makes it plausible. We next consider an example where the answer—the
Doppler shift in a medium of refractive index n—is known, and see what it says
about pA versus pM. This example is based on an argument of Fermi’s that the
Doppler effect is a consequence of recoil [50,51]. Consider an atom of mass M
inside a dielectric medium with refractive index n共兲. The atom is assumed to
have a sharply defined transition frequency 0 and to be moving initially with a
velocity v away from a source of light of frequency  (Fig. 3). Because the light
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Figure 3

An atom having a transition frequency 0 and moving with velocity v away from
a source of light of frequency . The atom is inside a dielectric medium with refractive index n共兲. Because of the Doppler effect, absorption by the atom requires that  ⬵ 0共1 + nv / c兲.
in the atom’s reference frame has a Doppler-shifted frequency 共1 − nv / c兲 determined by the phase velocity 共c / n兲 of light in the medium, the atom can absorb a
only photon if 共1 − nv / c兲 = 0, or

 ⬵ 0共1 + nv/c兲.

共59兲

We associate with a photon in the medium a momentum p, and consider the implications of (nonrelativistic) energy and momentum conservation. The initial
1
energy is Ei = ប + 2 Mv2, and the final energy, after the atom has absorbed a pho1
ton, is 2 Mv⬘2 + ប0, where v⬘ is the velocity of the atom after absorption. The
initial momentum is p + Mv, and the final momentum is just Mv⬘. Therefore
1
2

M共v⬘2 − v2兲 ⬵ Mv共v⬘ − v兲 = Mv共p/M兲 = ប共 − 0兲,

共60兲

or

 ⬵ 0 +

pv
.

共61兲

= pM .

共62兲

ប

From Eq. (59) and  ⬵ 0 we conclude that
p=n

ប
c

The example of Fig. 2 suggests that the momentum of the photon is pA, while the
second example seems at first thought to suggest that it is pM. There is no doubt
about the (first-order) Doppler shift in a dielectric medium being nv / c, as we
have assumed, but does this imply that the momentum of a photon in a dielectric
is nប / c? We will show in Section 5 that the total force exerted by a singlephoton plane monochromatic wave on the particles of a dielectric, including the
Abraham force, suggests a momentum density of magnitude

冉 冊

pmed = n −

1 ប 1

n

c V

共63兲

if dispersion is negligible. Now from our conclusion from energy and momentum conservation that the known Doppler shift implies that an absorber (or emitAdvances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519
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ter) inside a dielectric recoils with momentum nប / c, all we can logically deduce is that a momentum nប / c is taken from (or given to) the combined system
of the field and the dielectric medium. Given that the medium acquires a momentum density, Eq. (63), from the force exerted on it by the propagating field,
and that the atom recoils with momentum nប / c, we can attribute to the field, by
conservation of momentum, a momentum density
n

ប 1
c V

− pmed =

1 ប 1
n c V

= pA .

共64兲

In other words, the kinetic momentum of the field is the Abraham momentum,
consistent with our discussion of the example of Fig. 2. The momentum nប / c
evidently gives the momentum not of the field as such but of the combined system of field plus dielectric; it is the momentum density equal to the total energy
density u = ប / V for a monochromatic field divided by the phase velocity c / n of
the propagating wave. As discussed in Section 4, experiments on the recoil of
objects immersed in dielectric media indicate that the recoil momentum is
nប / c per unit of energy ប of the field, just as in the Doppler effect.
A consistent interpretation of these examples, therefore, is that the field carries a
momentum pA per photon, but that there is also a momentum pmed imparted by
the field to the medium.An atom that absorbs or emits a photon of frequency  in the
medium therefore recoils with the momentum pA + pmed = pM, as if the photon momentum were the Minkowski photon momentum pM. This interpretation is consistent with that of Ginzburg [33], who regards the Minkowski stress tensor as
“an auxiliary concept which can be used fully.”

4. Overview of Experiments
There are not very many reports of experiments testing the different expressions
for electromagnetic momenta in dielectric media. Brevik [20] discusses in considerable detail the implications of some of the older experiments.
The Abraham force fA = 共1 / c2兲共n2 − 1兲共 / t兲共E ⫻ H兲 obviously plays an important role in comparisons of the Abraham and Minkowski formulations of the
stress tensor; recall the remarks following Eq. (25). But fA will average to zero
over times that are long compared with an optical period, and its effect will not
be directly observable. In their discussion of electromagnetic momentum Panofsky and Phillips [52] give another reason for why it is usually unobservable: “Its
net impulse due to a finite wave train always vanishes; we shall not discuss its
rather complicated interpretation.” However, the Abraham force can be measured if the electric and magnetic fields are applied continuously and if they vary
slowly enough. Such measurements were reported by James [53] and Walker et
al. [54]. In one of the experiments [54] an annular disk of high permittivity 共⑀
⬇ 3620兲, serving as a torsion pendulum, was subjected to a static, vertical magnetic
field and a slowly varying 共0.4 Hz兲 radial electric field between its inner and outer
surfaces. Then the Abraham force is azimuthal, and the oscillations of the electric
field should cause the disk to oscillate about the direction of the magnetic field. Such
oscillations were observed, and the measurements confirmed the existence of the
Abraham force to an accuracy of about 5%.
Another very important set of experiments was carried out by Jones and Richards [55] and Jones and Leslie [56]. In these experiments the radiation pressure
Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519

536

due to a light beam reflected off a mirror mounted on a torsion balance was measured for different liquids in which the mirror was immersed. The experiments
of Jones and Richards confirmed quite accurately 共 ⬇ 1%兲 that the radiation
pressure was proportional to the refractive index of the liquid, as would be expected if the recoil of the mirror were nប / c per photon, the Minkowski momentum (10). Since it was (and is) generally believed that the momentum of the
field is pA = ប / nc per photon, the results of the Jones–Richards experiments
prompted Peierls to remark that “we are at the moment in such a deep state of
confusion that we are bound to learn something from it” [57]. Such confusion is
due in our view to the fact that the momenta attributable to the field and the recoil of the mirror are not the only momenta that must be accounted for; as discussed following Eq. (62) in connection with the Doppler effect, we must also
take account of the momentum of the medium.
Much greater accuracy 共 ⬇ 0.05%兲 in such experiments was reported nearly a quarter of a century later by Jones and Leslie [56]. Garrison and Chiao [44] have calculated, based on the data of Jones and Leslie, that in the case of benzene the observations differ from that predicted by Eq. (49), 关pM
⬘ = 共n2 / ng兲共ប / c兲兴, by 22 standard
deviations and from that predicted by Eq. (9), 关pA = ប / nc兴, by 405 standard deviations. Jones and Leslie also performed experiments for the case of oblique reflection,
and, contrary to Peierls’s prediction [41,42], did not observe any change in the magnitude of the radiation pressure on the mirror when the polarization was changed
from perpendicular to the plane of incidence to parallel.
Poynting [58] considered the effect of light incident from a vacuum onto a transparent, nondispersive medium (refractive index n ⬎ 1) and predicted that there
should be an outward force at the surface of the medium, opposite to the direction of propagation of the incident field, consistent with momentum conservation and the field momentum inside the medium having a momentum proportional to the refractive index (the Minkowski momentum). The assumption that
the momentum inside the medium has the Abraham form 共⬀n兲, however, leads to
the prediction that there should be an inward force on the medium [59]. These
starkly different predictions led Ashkin and Dziedzic [60] to study experimentally the effect on an air–water interface of tightly focused incident laser pulses;
they found that there is a net outward force regardless of whether the laser radiation is incident at the air–liquid interface from air or from the interior of the liquid. Gordon [37] and Loudon [21] have shown that this outward force is not
caused by momentum transfer parallel (or antiparallel) to the direction of propagation of the laser radiation, but rather to radial forces at the liquid surface
caused by the finite transverse cross section of the field—a “toothpaste-tube effect” resulting from the pull on the atoms towards the center of a Gaussian beam
[cf. Eq. (33)]; in the case of a plane wave the force at the surface would be inward [61]. The Ashkin–Dziedzic experiment has also been analyzed in detail by
Brevik [20], who also considers the time development of the effect and reviews
earlier work allowing for the compressibility of the liquid.
More recent experiments of Campbell et al. [62], like those of Jones and Richards and Jones and Leslie, measure the longitudinal forces and momenta that are
the most directly relevant to questions surrounding the Abraham and Minkowski
momenta. The dielectric medium in these experiments was a Bose–Einstein condensate of rubidium atoms irradiated by two identical standing-wave pulses
separated in time by . The pulses were short enough 共5 µs兲 that the motion of
each atom is negligible while it is exposed to each pulse. In a standing-wave
electric field Eo sin kz cos t an atom at z finds itself in a (cycle-averaged) potential
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U共z兲 = −共1 / 2兲␣共兲E20 sin2 kz. If the field is near resonance with a transition of frequency 0 and electric dipole matrix element µd of the atom, the polarizability may
be approximated by

␣共兲 =

µ2
ប⌬

,

⌬ = 0 −  ,

共65兲

so that
U共z兲 = −

ប⍀2
⌬

2

sin kz = −

ប⍀2
2⌬

共1 − cos 2kz兲,

共66兲

where ⍀ = µdE0 / ប is the Rabi frequency. The evolution operator describing the
effect on the atom at z of a pulse of duration tp may be taken for present purposes
to be
e−i cos共2kz兲 =

⬁

兺

共− i兲NJN共兲e2iNkz ⬵ J0共兲 − iJ1共兲关e2ikz − e−2ikz兴

共67兲

N=−⬁

if  = ⍀2tp / 2⌬ is sufficiently small; JN共兲 is the Nth-order Bessel function of the
first kind. We assume for simplicity a square pulse. If the atom at z is initially described by the state vector |0典 of zero momentum, then after the pulse it is described
approximately as a superposition of states with momenta 0 and ±2បk:
兩共tp兲典 = J0共兲兩0典 − iJ1共兲关兩2បk典 − 兩− 2បk典兴.

共68兲

The states |0典 and 兩 ± 2បk典 may be taken to have energies 0 and 共2បk兲2 / 2m
+ ⌬Em ⬅ 4បr + ⌬Em ⬅ បrm, respectively, where ⌬Em is a mean-field energy
shift, which is independent of the refractive index [62]. After a time interval 
before the second pulse is applied, therefore,
兩共tp + 兲典 = J0共兲兩0典 − iJ1共兲关兩2បk典 − 兩− 2បk典兴e−4irm .

共69兲

After the second pulse is applied the atom is described by the state vector
兩典 = 关J20共兲 + 2J21共兲e−4ir兴兩0典 + . . . ,

共70兲

where we write explicitly only the zero-momentum component of 兩典. The probability that an atom is in the zero-momentum state of the Bose condensate after
the two pulses are applied is therefore
p0 = J40共兲 + 4关J41共兲 + J20共兲J21共兲兴cos2共4rm兲.

共71兲

The number of atoms in the zero-momentum state is therefore an oscillatory
function of the pulse separation . The frequency

rm =

បk2
2m

+ ⌬Em/ប = n 共兲
2

ប2
2mc2

+ ⌬Em/ប,

共72兲

which implies that the recoil momenta ±2បk = ± n共兲共2ប / c兲. In other words, if
the fraction of atoms in the zero-momentum state were determined experimentally to oscillate at the frequency rm, it could be inferred that the recoil momentum has the Minkowski form, ⬀n共兲. By resonant absorption imaging of the
momentum distribution of the condensate with different time delays  and detunings ⌬, it was confirmed that the recoil momentum is proportional to n共兲,
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and furthermore that it does not depend on dn / d [62]. In other words, the recoil
momentum was found to be given by Eq. (10) rather than by Eq. (49) [or (9)].
This is discussed further in the following section.
Finally, we mention experiments by She et al. [63] in which it was observed that
laser radiation propagating through a nanometer silica fiber produces an inward
force on the end face. These authors interpret this as confirmation of the Abraham expression for the momentum. Whether this conclusion is justified in light
of other possible interpretations of the observed force is still under discussion
[64–66], and in our view further experiments and analyses are necessary before
firm conclusions can be drawn.

5. Analyses of Momentum Transfer between Light
and Matter
As noted in the Introduction (Section 1), the Minkowski momentum pM
= nប / c per photon correctly characterizes the recoil observed in a dielectric
medium, although the number of experiments is small [55,56,62]. Even aside
from the Abraham–Minkowski controversy, some interesting conceptual points
arise in interpreting the experimental results [62,64–66]. Prior to the experiments of Campbell et al., for example, there were two arguments that could lead
one to expect that the recoil of the atoms should be ប / c, independent of the
refractive index [62]. One argument was that each atom in the very dilute medium is effectively localized in a vacuum and therefore should experience the recoil ប / c of an atom absorbing a photon in a vacuum. The second argument
[67,62] was that the force on an atom is ⵜ共d · E兲, and that the gradient acting on
E results in a factor k = n / c while E itself is inversely proportional to n (Section
1); therefore the force acting on an atom in a dielectric medium should be independent of n. Both arguments are invalidated by the experiments.
The field acting on any atom in a dilute medium is a superposition of the field
incident on the medium plus the fields scattered from other atoms of the medium. The field in the medium therefore experiences a phase delay (or advance)
along the direction of propagation. A plane wave can propagate as exp共ikz兲
= exp共inz / c兲, as assumed in the brief analysis reviewed at the end of the preceding
section, even if the distance between atoms is large compared with a wavelength
[68]. In such a situation, contrary to the first argument above, an atom at a position z
along the propagation direction will experience a field and a force that depends on n,
even if it is localized in a vacuum within a dilute medium.
The second argument is invalid, as is clear from the brief analysis leading to Eq.
(72). Consider again the force, Eq. (32), on an atom in which there is an induced
electric dipole moment
d共r,t兲 = d0共r兲e−it

共73兲

in the monochromatic field
E共r,t兲 = E0共r兲e−it,

B共r,t兲 = B0共r兲e−it .

共74兲

Here d0共r兲 = ␣共兲E0共r兲, and we allow for possible absorption by the dipole by
taking the polarizability ␣共兲 to be complex 关␣共兲 = ␣R共兲 + i␣I共兲兴. It follows
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from Eq. (73) and B0 = −共i / 兲 ⵜ ⫻ E0 that the cycle-averaged z component, for
instance, of the Lorentz force on the dipole is [69]
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*
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2

册

.

共75兲

When the field frequency is far from any absorption resonance of the guest atom,
the force on the atom is given by the first term on the right-hand side, together
with the scattering force due to the effect of radiative reaction on the polarizability and the optical theorem, as recalled briefly below. This case has already been
discussed for a standing-wave field as in the experiments of Campbell et al.
To see more clearly why the argument that the recoil momentum is independent
of n [67] is incorrect, consider a plane wave with a frequency close to an absorption resonance of a guest atom in a dielectric host with index of refraction n共兲,
so that the term proportional to ␣I共兲 makes the dominant contribution to the
force (75). Assuming E0共r兲 = x̂E0 exp共ikz兲, k = n共兲 / c, we obtain


1
ប
Fz = n共兲 ␣I共兲兩E0兩2 = n共兲 Rabs ,
2
c
c

共76兲

where Rabs is the absorption rate: the force on the atom is equal to the absorption rate
times the momentum n共兲ប / c, implying that the atom recoils with the
(Minkowski) momentum n共兲ប / c when it absorbs a photon of energy ប
[70–72]. While the force is inversely proportional to n, since 兩E0兩2 is inversely proportional to n2 (Section 1), the recoil momentum is proportional to n. The argument
in [67] does not take account of the fact that the dipole moment is induced by the
field, and therefore it presumes that 兩E0兩 rather than 兩E0兩2 determines the force,
which, because it involves the gradient of the field, is then found to be independent of n; from this it is concluded that the recoil momentum is also independent
of n.
The recoil momentum in stimulated emission is, of course, also n共兲ប / c in
magnitude. The calculation of the recoil momentum when an atom undergoes
spontaneous emission of a photon of frequency  is a bit more complicated than
for absorption or stimulated emission, and leads again to the conclusion that the
recoil momentum is n共兲ប / c [71].
Regarding Eq. (75), there is a contribution to the term proportional to ␣I共兲 even
in the absence of absorption. This contribution is due simply to the scattering of
radiation and is required for consistency with energy conservation and the optical theorem [69,73,74]. It is responsible among other things for the scattering
force in the theory of laser tweezers [72,75].

5.1. Momentum Density in the Medium
We now consider the momentum density imparted to a dilute, nonabsorbing dielectric medium as a result of the propagation of a quasi-monochromatic field
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E = E0共r,t兲e−it = e−it

冕

⬁

d⌬Ẽ0共r,⌬兲e−i⌬t ,

共77兲

−⬁

兩E0 / t兩  兩E0兩. The induced electric dipole moment of an atom in this field is
d = ␣共兲E exp共−it兲, the polarizability ␣共兲 being real according to our assumption that the medium is nonabsorbing. The Lorentz force on each atom is
F = 共d · ⵜ兲E + ḋ ⫻ B = 共d · ⵜ兲E + d ⫻ 共ⵜ ⫻ E兲 +


t

共d ⫻ B兲 ⬅ FE + FB ,
共78兲

where we define
FE = 共d · ⵜ兲E + d ⫻ 共ⵜ ⫻ E兲,

FB =


t

共79兲

共d ⫻ B兲.

共80兲

We approximate the induced electric dipole moment of an atom at r as

冕 d⌬␣共 + ⌬兲Ẽ 共r,⌬兲e
⬵ 冕 d⌬关␣共兲 + ⌬␣⬘共兲兴Ẽ 共r,⌬兲e
⬁

d共r,t兲 =

−i共+⌬兲t

0

−⬁

⬁

冋

0

−⬁

= ␣共兲E0共r,t兲 + i␣⬘共兲

E0
t

册

−i共+⌬兲t

e−it .

共81兲

Here ␣⬘ = d␣ / d, and we presume that material dispersion and pulse durations
are such that terms 共dm␣ / dm兲mE0 / tm can be neglected for m ⱖ 2. Using Eq.
(81) in Eq. (79), we obtain, after some straightforward manipulations and cycleaveraging, the force
FE = ⵜ

冋

册


1
␣共兲兩E兩2 + ␣⬘共兲k 兩E兩2 ,
4
4
t
1

共82兲

where E and k are defined by writing E0共r , t兲 = E共r , t兲eik·r. Since the refractive index n of a dilute medium is given in terms of ␣ by n2 − 1 = N␣ / ⑀0, N being the
density of dipoles in the dielectric, we have ␣⬘ = 共2n⑀0 / N兲共dn / d兲 and
FE = ⵜ

冋

1
4

册

␣共兲兩E兩2 +

⑀0
2N

kn

dn 
d t

兩E兩2 .

共83兲

The first term is the dipole force associated with the energy W = − 2 ␣共兲E2 involved in inducing an electric dipole moment:
1

W=−

冕 d · dE = − ␣共兲冕 E · dE = − 21 ␣共兲E .
E

E

0

0

2

共84兲

The second force in Eq. (83) owes its existence to dispersion 共dn / d ⫽ 0兲. It is in
the direction of propagation of the field and implies for a uniform density N of
atoms per unit volume a momentum density of magnitude
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兩E兩2 =
n2共ng − n兲兩E兩2 ,
p D = ⑀ 0n 2
2
d c
2c
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since k = n共兲 / c. This momentum density comes specifically from the dispersion of the medium. It coincides with a result contained in Eq. (52) of a paper by
Nelson [76], and a similar result was obtained earlier by Washimi and Karpman
[77,78]. (Nelson’s paper is noteworthy in that it is based on a Lagrangian formulation in which electrostrictive effects are included.)
The force FB defined by Eq. (80), similarly, implies a momentum density
PA = Nd ⫻ B.

共86兲

As the notation suggests, this momentum density is associated with the Abraham force density, Eq. (21). A straightforward evaluation of PA, using Eq. (81)
and ⵜ ⫻ E = −B / t, yields
k
1
PA = ⑀0共n2 − 1兲 兩E兩2,
2


PA =

1 ⑀0
2c

共87兲

n共n2 − 1兲兩E兩2 ,

when we assume that the field can be described approximately as a plane wave
共k · E = 0兲 and use the approximation 兩Ė0兩  兩E0兩. If the dipole force on the righthand side of (83) can be ignored (see below), then FE reduces to the derivative
with respect to time of a quantity we can identify as a momentum density, and
the momentum density obtained by adding it to PA is
Pmed = PD + PA =

⑀0
2c

关n2共ng − n兲 + n共n2 − 1兲兴兩E兩2 =

⑀0
2c

n共nng − 1兲兩E兩2 . 共88兲

The total momentum density for the field and the medium is obtained by adding
to Eq. (88) the Abraham momentum density PA共 = gA兲 of the field. According to
Eq. (19), PA = 共⑀0 / 2c兲n兩E兩2, and so the total momentum density is
PA + PD + PA =

⑀0
2c

关n + n共nng − 1兲兴兩E兩2 =

⑀0
2c

n2ng兩E兩2

共89兲

if the dipole force is negligible. To express these results in terms of single photons, we once again replace 兩E0兩2 with 2ប / 共⑀0nngV兲; then Eq. (89) becomes
pA + pD + pA = n

ប 1
c V

共90兲

;

i.e., the total momentum per photon is n共兲ប / c. This is consistent with the experimental results of Jones and Leslie [56] and Campbell et al. [62] showing that
the recoil momentum of an atom has the Minkowski form n共兲ប / c and does
not depend on dn / d. The momentum density of the medium per photon follows from Eq. (88):
pmed = pD + pA =

⑀0
2c

n共nng − 1兲

2ប
nng⑀0V

冉 冊

= n−

1

ប 1

ng

c V

,

共91兲

and this plus the (Abraham) momentum density of the field per photon
共ប / ngcV兲 is the total momentum density. When dispersion is neglected, Eq.
(91) reduces to (63).
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Formula (88) implies that the “mechanical” momentum [37] attributable to the
medium is carried along with the propagating field, and that this momentum is
just the difference between the Minkowski and Abraham momentum densities.
This result for the “forward bodily impulse” pmed was also assumed by Jones [57],
for instance. A “pseudomomentum” obtained by Loudon et al. [79] also has exactly
this form in the absence of electrostriction. In our derivation of it we have neglected
the dipole force, Fdipole = ⵜ关共1 / 4兲␣共兲兩E兩2兴, which for the dilute medium assumed
can be related to electrostriction as discussed below. Fdipole can be thought of in
terms of the process of absorption of a photon with wave vector k1 accompanied by
stimulated emission of a photon with wave vector k2, resulting in a momentum
ប共k1 − k2兲 imparted to the atom. As such it is attributable to a redistribution of photons among all the k states composing the field. However it is interpreted, it does not
lend itself to as straightforward an interpretation as the radiation pressure force associated with one-photon absorption and emission processes. As remarked by Gordon and Ashkin [80], “The photon concept does not seem particularly helpful in
understanding this part of the force on the atom.”
The dipole force complicates the identification of the momentum density carried
by the medium. Ignoring it, we derived Eq. (91), which neatly comports with
momentum conservation: in the emission of a photon by an guest atom in a dielectric medium, for example, the (Minkowski) recoil momentum of the atom
共nប / c兲 equals the (Abraham) momentum of the emitted photon 共ប / ngc兲 plus
the momentum imparted to the host medium 共pmed兲. From a macroscopic perspective, the existence of dipole forces on the atoms of the medium is reflected in the second term on the right-hand side of Eq. (30), which is associated with electrostriction.
Thus, in the simplest case of a dilute fluid in which ⑀ − ⑀0 is proportional to the density , this term is just the total dipole force density

冋 册 冋

ⵜ 

⑀ 1

册 冋 册

1
1
E 2 = ⵜ 共 ⑀ − ⑀ 0兲 E 2 = ⵜ N ␣ E 2
 2
2
2

共92兲

for the medium of N atoms per unit volume. As noted in connection with Eq.
(30), in mechanical equilibrium this force density is cancelled by a pressure gradient, in which case we can in effect ignore the dipole force, as was implicit
when we wrote formulas such as Eqs. (22) and (23) for the force density in terms
of the stress tensor TM
ij .
Suppose, on the other hand, that the field is in the form of a pulse that is too short
for mechanical equilibrium to be realized. In particular, consider for simplicity a
plane-wave pulse propagating with phase velocity c / n in the z direction in a dispersionless dilute fluid, so that the dipole force is

冋 册 冋 册

冋 册

1

1
1
n
n1
ⵜ N␣ E2 =
共⑀ − ⑀0兲兩E兩2
N␣ E2 ẑ = −
N␣ E2 ẑ = −
2
z
2
c t
2
c t 2
=−

⑀0


n共n2 − 1兲 兩E兩2 .
2c
t

共93兲

In this case we must retain the first term on the right-hand side of Eq. (83), which
1
implies a cycle-averaged momentum density −共n / c兲关N␣ 4 兩E兩2兴 that must be
added to Eq. (88) to give the actual momentum density of the (dispersionless)
medium:
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Pmed

⑀0
2c

n共n2 − 1兲兩E兩2 −

⑀0
4c

n共n2 − 1兲兩E兩2 =

⑀0
4c

n共n2 − 1兲兩E兩2 .

共94兲

Thus the dipole force has the effect of reducing the momentum density assigned
to the material medium. We can rewrite Eq. (94) as

⬘ =
Pmed

1
2c2

共n2 − 1兲兩E ⫻ H兩,

or, on a single-photon basis,

⬘ =
pmed

ប
2c

冉 冊
1

n−

n

共95兲

共96兲

,

which is half the momentum, Eq. (91), when n = ng in the latter formula. Equation (95) is exactly the form obtained by Shockley [81] and Haus [82] when µ
= µ0 and the medium is assumed to be dispersionless. Haus refers to Eq. (96) as
the momentum density “assigned to the material in the presence of a plane wave
packet.” Robinson [19] strongly emphasizes the reduction in the momentum
density assigned to the medium from Eq. (91) to Eq. (94) when the electrostrictive term we associate with the dipole force is included; instead of being equal to
the difference between the Minkowski and Abraham momenta, the momentum
assigned to the medium is reduced to half this difference. Robinson also emphasizes that Eq. (95) lacks general validity, as it is based on the model of a “simple
fluid” in which the susceptibility is proportional to the density.
The question as to the correct form of the mechanical momentum assigned to the
medium thus appears to have no general answer. However, the observable forces
and recoils exerted on objects in dielectric media can be calculated without explicit consideration of what momentum should be assigned to the medium—the
force on an atom in a dielectric, for example, is unambiguously the sum of the
radiation pressure and dipole forces. In particular, Loudon et al. have calculated
forces and momenta for a number of cases of interest based the Lorentz force,
assuming the well-known field momentum in a vacuum but requiring no assumptions about the form of the field momentum in a dielectric (see, for example, [61,21,25,24]).

5.2. Dielectric Surfaces
In the spirit of Shockley’s “try simplest cases” [81], we have restricted ourselves
thus far in this section to an idealized homogeneous dielectric medium. An obvious example of inhomogeneity is an interface between two dielectric media.
Suppose a single-photon field is incident normally from vacuum onto a nondispersive dielectric medium with (real) refractive index n at the field frequency .
Before the field enters the medium the total momentum of the system is pi
= ប / c in the direction of field propagation; afterwards it is
pf = − 兩R兩2

ប
c

+ n兩T兩2

ប
nc

+ ps ,

共97兲

where R and T are, respectively, the reflection and the transmission coefficients
and ps is the momentum imparted to the medium by the field at its surface; in the
second term we have assumed that the momentum of the photon inside the diAdvances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519
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electric medium is the Abraham momentum ប / nc. Conservation of momentum and 兩R兩2 = 共n − 1兲2 / 共n + 1兲2, 兩T兩2 = 4 / 共n + 1兲2 imply that the momentum imparted to the surface is
ps =

2ប n − 1
c n+1

共98兲

,

while the fraction of energy transmitted into the medium is
f = n兩T兩2 =

4n
共n + 1兲2

共99兲

.

The momentum imparted to the surface per transmitted photon is therefore [61]
ps/f =

ប n2 − 1
c

2n

=

ប
2c

冉 冊
1

n−

n

共100兲

.

Loudon [61] has calculated the radiation pressure exerted by a normally incident
pulse on a dielectric medium from the Lorentz force. The medium is assumed to
be nondispersive but can be absorbing, and the field (and the Lorentz force) are
treated fully quantum mechanically. In the case of a transparent, semi-infinite,
rigid-body medium he obtains, for the total momentum per photon transferred
from the field to the dielectric medium,
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when this is expressed per transmitted photon as in Eq. (100). The first term in
brackets on the left-hand side of this equation is interpreted as a surface contribution and is identical to Eq. (100). It implies an inward force on the dielectric
surface, in contrast to the outward force that had been predicted by Poynting
[58], as mentioned earlier. The second term is a bulk contribution [61]. Note that
the surface contribution turns out to be identical to the Shockley–Haus mechanical momentum, Eq. (96), and that the total momentum, Eq. (101), is identical to
the total momentum per photon inferred from the papers of Shockley and Haus.
The same end results for normal incidence, with interpretations similar to those
of Shockley and Haus, have been obtained by Mansuripur [83].
Loudon has also examined the case in which there is an antireflection coating at
the surface of the dielectric [21]. In this case the surface contribution is found to
be 共ប / c兲共n − 1 / n兲, the same as Eq. (91) with n = ng, and the bulk contribution is
ប / nc, giving a total momentum nប / c.

5.3. Momentum Exchange between a Light Pulse and an
Induced Dipole
We next review an analysis by Hinds and Barnett [84] that helps to solidify the
interpretation of the Abraham momentum as the momentum of the field. We
consider the momentum exchange between a plane-wave pulse, propagating in
the z direction in a medium with real refractive index n共兲, and a single particle
with real polarizability ␣共兲 in the medium. The force (in the z direction) on the
particle is the sum of FE, defined by Eq. (82), and FB, defined by Eq. (80), with
the result that the cycle-averaged force on the particle has the magnitude
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which reduces to Eq. (75) when ␣共兲 is real and 兩E兩2 / t = 0. The electric field is
taken to be
E共z,t兲 = E共t − z/vg兲cos共t − kz兲,

共103兲

with carrier phase velocity c / n共兲 and envelope group velocity vg = c / ng. The
momentum of the particle at z at time T is
p=

冕
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关共2n − ng兲␣ + n␣⬘兴E2共T − z/vg兲.

共104兲

Consider the force on a two-level atom that is due to a pulse of light in free space
[84]. In this case nb = nbg = 1, and Eq. (104) reduces to
1
p=

4c

关␣ + ␣⬘兴E2 .

共105兲

To express this in terms of photons occupying volume V in the neighborhood of
the atom in free space, we once again replace 兩E兩2 with 2qប / ⑀0V, where q is the
number of photons. Then
1
p=

2c

关 ␣ +  ␣ ⬘兴

ប

⑀ 0V

共106兲

q.

Here ␣ = ⑀0共n2 − 1兲 / N, where n is the refractive index in the case of N particles
per unit volume. Then
1
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2c

冋
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册 冋
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d c
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This momentum imparted to the particle implies a change in field momentum
per photon equal to
ប
c

关1 − K兴 ⬵

ប

1

c 1+K

=

ប
n gc

共108兲

for 兩K兩  1, corresponding to the Abraham momentum for the field. In other
words, the force on the particle is consistent with the field having the Abraham
momentum.
In the case of a polarizable particle in a host dielectric rather than in free space it
follows from Eq. (104) that
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where the intensity I = 共1 / 2兲c⑀0nE2. If dispersion in the medium and in the polarizability of the guest particle are negligible, we can set ng = n and ␣⬘ = 0, and
then Eq. (109) may be shown to be equivalent to Eq. (2.7) of Gordon’s paper
when that equation is applied to the case of a single atom in the medium.
The force on a polarizable particle can be large in a slow-light medium (ng large)
because the gradient of the field, Eq. (103), responsible for the dipole force on
the particle is large. If, for example, ␣⬘共兲 ⬵ 0 and ng  n, the momentum (104)
is approximately
p=

ng

µ 2E 2

4c 4ប共 − 0兲

,

共110兲

when we use formula (65) for the polarizability of a two-state atom. The force
F = dp / dt obtained from this expression is identical to Eq. (3) of a paper by Harris [85] that explores some consequences of this force.

6. Kinetic and Canonical Momenta
In Section 3 we associated an inertial mass E / c2 = ប / c2 with a photon of frequency . Multiplication of this mass by the group velocity gives the Abraham
momentum pA = ប / ngc of the photon. In this sense pA can be regarded as the
kinetic momentum of a photon [44,48].
Canonical momentum is the momentum p appearing in canonical commutation
relations such as 关x , p兴 = iប in quantum mechanics (or in Poisson brackets such as
兵x , p其 = 1 in classical mechanics), and it differs in general from kinetic momentum. For a particle of charge q and mass m in an electromagnetic field, for example, the kinetic momentum is mv, whereas the canonical momentum p = mv
+ qA, where v is the particle velocity and A is the vector potential. This canonical momentum is the generator of spatial translations, e.g.,
eip̂·a/បF共x̂兲e−ip̂·a/ប = F共x̂ + a兲

共111兲

for any real displacement vector a and for any function F共x̂兲 that can be expressed as a power series in x̂. (Here we follow the practice of using a circumflex
to designate an operator.) For the electromagnetic field in a homogeneous dielectric medium in which the atoms may be assumed to be held fixed in position, the
canonical momentum may be defined as the generator of spatial translations of
the field operators [44]. Garrison and Chiao [44] found that the momentum corresponding to pM = nប / c per photon can be identified with the canonical momentum of the field. Barnett [48] showed more generally that, for the momentum operator p̂Min identified with the Minkowski momentum pMin = 兰dV共D ⫻ B兲,
e−ip̂Min·a/បÂ共r兲eip̂Min·a/ប = Â共r + a兲,

共112兲

where Â共r兲 is the (Coulomb-gauge) vector potential operator of nonrelativistic,
macroscopic quantum electrodynamics. In other words, the Minkowski momentum is the canonical momentum of the field [48].
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We noted earlier that the single-photon momentum corresponding to the
Minkowski momentum 兰dV共D ⫻ B兲 is pM
⬘ = 共n2 / ng兲共ប / c兲 in the case of a dispersive medium. More precisely, this is the expectation value of the Minkowski
momentum for a one-photon state. It is not the canonical momentum [44,48].
How is this to be reconciled with Eq. (112), from which it is deduced that the
Minkowski momentum is the canonical momentum of the field, regardless of
whether or not we allow for dispersion? This question has been answered by Barnett [48], based on the general identity (56) and the commutator

j
关p̂Min
,Âk共r兲兴 = iប


xj

Âk共r兲,

共113兲

which is equivalent to Eq. (112). As reviewed in Section 2, the dispersion equation k = n共兲 / c allows different polariton branches, and commutators such as
Eq. (113) require a summation over all polariton branches [46,47], each contributing a factor n共兲 / ng共兲. When we sum over all the polariton branches and use
Eq. (56), the index dependence of the commutator (113) is found to involve only
the factor n共兲 that comes from the derivative on the right-hand side. If we restricted ourselves to one particular polariton branch, however, the factor
n共兲 / ng共兲 for this one branch appears, and then the momentum at frequency 
would in effect be 关n2共兲 / ng共兲兴共ប / c兲 as in Eq. (49). This explains why Eq.
(49)—which we obtained under the implicit restriction to a single polariton
branch—is not the canonical momentum, even though it is the single-photon expectation value of the Minkowski momentum 兰dV共D ⫻ B兲, which is the canonical momentum of the field.
In [44,71,72], and in this review, the momentum 共n2 / ng兲共ប / c兲 has been regarded as the single-photon Minkowski momentum in a dispersive medium,
whereas Barnett calls nប / c the single-photon Minkowski momentum, regardless of dispersion. Thus Bradshaw et al. [72] state that in a dispersive medium
the Minkowski momentum does not give the recoil momentum of an absorbing
atom, for example, whereas according to Barnett’s terminology it does. We note
also that the calculations of forces and recoil momenta reviewed in Section 5
presume narrow-bandwidth fields for which the restriction to a single polariton
branch is appropriate and which are not inconsistent with Barnett’s conclusions
regarding the kinetic and canonical momenta of the field, with which we are in
full agreement.

7. Summary
We have reviewed various expressions for the stress tensor and for the momentum of light in dielectric media, with heavy emphasis on the two most widely
used formulations, those of Abraham and Minkowski. The Abraham momentum
is generally taken to be the momentum of the field, and we have adhered to this
viewpoint, reinforcing it by consideration of the Balazs block model that suggests the interpretation of the Abraham momentum as a kinetic momentum, i.e.,
pA = 共E / c2兲vg = ប / ngc per photon. The Abraham formulation of the Maxwell
stress tensor introduces an Abraham force that acts in addition to the Lorentz
force, and we briefly reviewed experiments confirming the existence of this
force.
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The Minkowski momentum pM = n共兲ប / c of a single photon is equal to the recoil momentum of an atom that absorbs or emits a photon in a host dielectric medium. We showed that it is necessary for momentum conservation that we account not only for this recoil momentum but also for the (Abraham) momentum
of the field and the momentum transferred to the medium, the latter propagating
with the field. Depending on assumptions made with respect to electrostriction
and the dipole force on the atoms of the medium, the momentum of the medium
can have different forms, and there appears to be no general expression for it. We
summarized work on the momentum transferred to a dielectric medium, showing how this momentum may be separated into surface and bulk contributions.
When dispersion is included, the single-photon Minkowski momentum derived
from the Minkowski momentum density gM = D ⫻ B is pM
⬘ = 共n2 / ng兲ប / c. However, the recoil momentum of an absorbing or emitting atom in the dielectric is
not pM
⬘ but pM. This is shown by the experiments we reviewed as well as the calculations in Section 5.
The Abraham and Minkowski momenta have different physical interpretations,
as shown by the examples we have reviewed. Furthermore, as has recently been
shown, the Abraham momentum represents a kinetic momentum, whereas the
Minkowski momentum is the canonical momentum of the field in a dielectric
medium. Neither is more correct than the other.

Acknowledgments
We gratefully acknowledge discussions or correspondence with N. L. Balazs, S.
M. Barnett, C. Baxter, D. H. Bradshaw, I. Brevik, J. H. Eberly, P. D. Lett, R. Loudon, and Z. Shi. We especially thank Professors Barnett and Loudon for sharing
preprints as well as unpublished notes relating to electromagnetic momentum.
R. W. Boyd gratefully acknowledges financial support from the DARPA Slow
Light Program.

References
1. J. C. Maxwell, A Treatise on Electricity and Magnetism, 3rd ed. (Clarendon,
1904), Vol. II, p. 441.
2. W. Crookes, “On attraction and repulsion resulting from radiation,” Philos.
Trans. R. Soc. London 164, 501–527 (1874).
3. S. G. Brush, “James Clerk Maxwell and the kinetic theory of gases: a review based on recent historical studies,” Am. J. Phys. 39, 631–640 (1971).
4. A. E. Woodruff, “William Crookes and the radiometer,” Isis 57, 188–198
(1966).
5. C. W. Draper, “The Crookes radiometer revisited. A centennial celebration,” J. Chem. Educ. 53, 356–357 (1976).
6. M. Scandurra, “Enhanced radiometric forces,” arXiv.org, arXiv:physics/
0402011v1 (2004).
7. N. Selden, C. Ngalande, N. Gimelshein, and A. Ketsdever, “Origins of radiometric forces on a circular vane with a temperature gradient,” J. Fluid
Mech. 634, 419–431 (2009).
8. P. N. Lebedev, “Investigations on the pressure forces of light,” Ann. Phys. 6,
433–458 (1901).
Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519

549

9. E. F. Nichols and G. F. Hull, “The pressure due to radiation. (Second paper.),” Phys. Rev. 17, 26–50 (1903).
10. E. F. Nichols and G. F. Hull, “The pressure due to radiation,” Astrophys. J.
57, 315–351 (1903).
11. W. Gerlach and A. Golsen, “Investigations with radiometers. II. A new measurement of the radiation pressure,” Z. Phys. 15, 1–7 (1923).
12. A. Einstein, “The theory of radiometers,” Ann. Phys. 374, 241–254 (1922).
13. A. Pais, Subtle is the Lord. The Science and the Life of Albert Einstein (Oxford Univ. Press, 1982), p. 408.
14. A. Einstein, “On the quantum theory of radiation,” Phys. Z. 18, 121–128
(1917).
15. For a discussion of this aspect of Einstein’s work see, for instance, P. W.
Milonni, The Quantum Vacuum. An Introduction to Quantum Electrodynamics (Academic, 1994).
16. O. Frisch, “Experimental detection of the Einstein recoil radiation,” Z.
Phys. 86, 42–48 (1933).
17. J.-L. Piqué and J.-L. Vialle, “Atomic-beam deflection and broadening by recoils due to photon absorption or emission,” Opt. Commun. 5, 402–406
(1972).
18. D. V. Skobel’tsyn, “The momentum-energy tensor of the electromagnetic
field,” Sov. Phys. Usp. 16, 381–401 (1973).
19. F. N. H. Robinson, “Electromagnetic stress and momentum in matter,”
Phys. Rep. 16, 313–354 (1975).
20. I. Brevik, “Experiments in phenomenological electrodynamics and the
electromagnetic energy-momentum tensor,” Phys. Rep. 52, 133–201
(1979).
21. R. Loudon, “Radiation pressure and momentum in dielectrics,” Fortschr.
Phys. 52, 1134–1140 (2004).
22. P. Bowyer, “The momentum of light in media: the Abraham–Minkowski
controversy,” http://www.peterbowyer.co.uk/purl/abraham-minkowski.
23. R. N. C. Pfeifer, T. A. Nieminen, N. R. Heckenberg, and H. RubinszteinDunlop, “Colloquium: momentum of an electromagnetic wave in dielectric
media,” Rev. Mod. Phys. 79, 1197–1216 (2007).
24. S. M. Barnett and R. Loudon, “The enigma of optical momentum in a medium,” Philos. Trans. R. Soc. London Ser. A 368, 927–939 (2010).
25. C. Baxter and R. Loudon, “Radiation pressure and the photon momentum in
dielectrics,” J. Mod. Opt. 57, 830–842 (2010).
26. V. L. Ginzburg, Theoretical Physics and Astrophysics (Pergamon, 1960), p.
284.
27. H. Minkowski, “The basic equations for electromagnetic processes in moving bodies,” Nachr. Ges. Wiss. Goettingen, Math. Phys. Kl. 53–111 (1908).
28. Math. Ann. 68, 472–525 (1910).
29. M. Abraham, “On the electrodynamics of moving bodies,” Rend. Circ. Mat.
Palermo 28, 1–28 (1909).
30. M. Abraham “On Minkowski’s electrodynamics,” Rend. Circ. Mat. Palermo 30, 33–46 (1910).
31. J. D. Jackson, Classical Electrodynamics, 2nd ed. (Wiley, 1975), p. 240.
32. L. D. Landau, E. M. Lifshitz, and L. P. Pitaevskii, Electrodynamics of Continuous Media, 2nd ed. (Pergamon, 1984), Eq. (75.17).
33. Ref. [26], p. 285.
34. Ref. [32], Eq. (75.18).
35. L. P. Pitaevskii, “Why and when the Minkowskis stress tensor can be used in
Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519

550

36.
37.
38.
39.
40.

41.
42.

43.
44.

45.
46.
47.
48.
49.
50.
51.
52.
53.

54.
55.
56.
57.
58.
59.

the problem of Casimir force acting on bodies embedded in media,” arXiv.org, arXiv:cond-mat/0505754v2 (2005).
L. P. Pitaevksii, “Comment on ‘Casimir force acting on magnetodielectric
bodies embedded in media’,” Phys. Rev. A 73, 047801 (2006).
J. P. Gordon, “Radiation forces and momenta in dielectric media,” Phys.
Rev. A 8, 14–21 (1973).
Y. Gingras, “Mechanical forces acting within non-polar dielectric fluids,”
Phys. Lett. 76A, 117–118 (1980).
A. Einstein and J. Laub, “On the ponderomotive forces exerted on bodies at
rest in the electromagnetic field,” Ann. Phys. 26, 541–550 (1908).
S. Walter, “Minkowski, mathematicians, and the mathematical theory of
relativity,” in The Expanding Worlds of General Relativity, H. Goenner, ed.
(Birkhäuser, 1999), pp. 45–86.
R. Peierls, “The momentum of light in a refracting medium,” Proc. R. Soc.
London Ser. A 347, 475–491 (1976).
R. Peierls, “The momentum of light in a refracting medium. II. Generalization. Application to oblique reflexion,” Proc. R. Soc. London Ser. A 355,
141–151 (1977).
Ref. [32], Eq. (80.12).
J. C. Garrison and R. Y. Chiao, “Canonical and kinetic forms of the electromagnetic momentum in an ad hoc quantization scheme for a dispersive dielectric,”Phys. Rev. A 70, 053826 (2004).
P. W. Milonni, Fast Light, Slow Light, and Left-Handed Light (Institute of
Physics, 2005), p. 185.
B. Huttner, J. J. Baumberg, and S. M. Barnett, “Canonical quantization of
light in a linear dielectric,” Europhys. Lett. 16, 177–182 (1991).
B. Huttner and S. M. Barnett, “Quantization of the electromagnetic field in
dielectrics,” Phys. Rev. A 46, 4306–4322 (1992).
S. M. Barnett, “Resolution of the Abraham–Minkowski dilemma,” Phys.
Rev. Lett. 104, 070401 (2010).
N. L. Balazs, “The energy-momentum tensor of the electromagnetic field
inside matter,” Phys. Rev. 91, 408–411 (1953).
E. Fermi, “Quantum theory of radiation,” Rev. Mod. Phys. 4, 87–132
(1932).
R. H. Dicke, “The effect of collisions upon the Doppler width of spectral
lines,” Phys. Rev. 53, 472–473 (1953).
W. K. H. Panofsky and M. Phillips, Classical Electricity and Magnetism
(Addison-Wesley, 1962), p. 183.
R. P. James, “A ‘simplest case’ experiment resolving the Abraham–
Minkowksi controversy on electromagnetic momentum in matter,” Proc.
Natl. Acad. Sci. U.S.A. 61, 1149–1150 (1968).
G. B. Walker, D. G. Lahoz, and G. Walker, “Measurement of Abraham force
in a barium-titanate specimen,” Can J. Phys. 53, 2577–2586 (1975).
R. V. Jones and J. C. S. Richards, “The pressure of radiation in a refracting
medium,” Proc. R. Soc. London Ser. A 221, 480–498 (1954).
R. V. Jones and B. Leslie, “Measurement of optical radiation pressure in dispersive media,” Proc. R. Soc. London Ser. A 360, 347–363 (1978).
R. V. Jones, “Radiation pressure of light in a dispersive medium,” Proc. R.
Soc. London Ser. A 360, 365–371 (1977).
J. H. Poynting, “Radiation pressure,” Phil. Mag. J. Sci. 9(52), 393–406
(1905).
M. G. Burt and R. Peierls, “The momentum of a light wave in a refracting

Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519

551

medium,” Proc. R. Soc. London Ser. A 333, 149–156 (1973).
60. A. Ashkin and J. M. Dziedzic, “Radiation pressure on a free liquid surface,”
Phys. Rev. Lett. 30, 139–142 (1973).
61. R. Loudon, “Theory of the radiation pressure on dielectric surfaces,” J.
Mod. Opt. 49, 821836 (2002).
62. G. K. Campbell, A. E. Leanhardt, J. Mun, M. Boyd, E. W. Streed, W. Ketterle, and D. E. Pritchard, “Photon recoil momentum in dispersive media,”
Phys. Rev. Lett. 94, 170403 (2005).
63. W. She, J. Yu, and R. Feng, “Observation of a push force on the end face of
a nanometer silica filament fxerted by outgoing light,” Phys. Rev. Lett. 101,
243601 (2008).
64. I. Brevik, “Comment on ‘Observation of a push force on the end face of a
nanometer silica filament exerted by outgoing light,” Phys. Rev. Lett. 103,
219301 (2009).
65. W. She, J. Yu, and R. Feng, “Reply to Comment by I. Brevik,” Phys. Rev.
Lett. 103, 219302 (2009).
66. M. Mansuripur, “Comment on ‘observation of a push force on the end face
of a nanometer silica filament exerted by outgoing light’,” Phys. Rev. Lett.
103, 019301 (2009).
67. J. M. Hensley, A. Wicht, B. C. Young, and S. Chu, in Atomic Physics 17, A.
Arimondo, P. DeNatale, and M. Inguscio, eds. (American Institute of Physics, 2001).
68. R. G. Newton, Scattering Theory of Waves and Particles (McGraw-Hill,
1966), Sec. 1.5.
69. P. C. Chaumet and M. Nieto-Vesperinas, “Time-averaged total force on a dipolar sphere in an electromagnetic field,” Opt. Lett. 25, 1065–1067 (2000).
70. M. P. Haugan and F. V. Kowalski, “Spectroscopy of atoms and molecules in
gases: corrections to the Doppler-recoil shift,” Phys. Rev. A 25, 2102–2112
(1982).
71. P. W. Milonni and R. W. Boyd, “Recoil and photon momentum in a dielectric,” Laser Phys. 15, 1432–1438 (2005).
72. D. H. Bradshaw, Z. Shi, R. W. Boyd, P. W. Milonni, “Electromagnetic momenta and forces in dispersive dielectric media,” Opt. Commun. 283, 650–
656 (2010).
73. P. R. Berman, R. W. Boyd, and P. W. Milonni, “Polarizability and the optical
theorem for a two-level atom with radiative broadening,” Phys. Rev. A 74,
053816 (2006).
74. M. Nieto-Vesperinas, J. J. Sáenz, R. Gómez-Medinal, and L. Chantada,
“Optical forces on small magnetodielectric particles,” Opt. Express 18,
11428–11443 (2010).
75. J. E. Molloy and M. J. Padgett, “Lights, action: optical tweezers,” Contemp.
Phys. 43, 241–258 (2002).
76. D. F. Nelson, “Momentum, pseudomomentum and wave momentum: toward resolving the Minkowski–Abraham controversy,” Phys. Rev. A 44,
3985–3996 (1991).
77. H. Washimi and V. I. Karpman, “Ponderomotive force of a high-frequency
electromagnetic field in a dispersive medium,” Sov. Phys. JETP 44, 528–
534 (1976).
78. Ref. [32], Eq. (81.13).
79. R. Loudon, L. Allen, and D. F. Nelson, “Propagation of electromagnetic energy and momentum through an absorbing dielectric,” Phys. Rev. E 55,
1071–1085 (1997).
Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519

552

80. J. P. Gordon and A. Ashkin, “Motion of atoms in a radiation trap,” Phys.
Rev. A 21, 1606–1617 (1980).
81. W. Shockley, “A ‘try simplest cases’ resolution of the Abraham–Minkowski
controversy on electromagnetic momentum in matter,” Proc. Natl. Acad.
Sci. U.S.A. 60, 807–813 (1968).
82. H. A. Haus, “Momentum, energy and power densities of TEM wave
packet,” Physica (Amsterdam) 43, 77–91 (1969).
83. M. Mansuripur, “Radiation pressure and the linear momentum of the electromagnetic field,” Opt. Express 12, 5375–5401 (2004).
84. E. A. Hinds and S. M. Barnett, “Momentum exchange between light and a
single atom: Abraham or Minkowski?,” Phys. Rev. Lett. 102, 050403
(2009).
85. S. E. Harris, “Pondermotive forces with slow light,” Phys. Rev. Lett. 85,
4032–4035 (2000).

Peter W. Milonni (Ph.D, University of Rochester, 1974) is
currently Laboratory Fellow and Laboratory Associate,
Los Alamos National Laboratory, and Research Professor
of Physics, University of Rochester. His research interests
have generally been in the areas of quantum optics and
electrodynamics, especially in connection with the quantum and fluctuation properties of electromagnetic radiation, and he has authored or co-authored several books,
most recently Laser Physics (with J. H. Eberly, 2010). He was the recipient of the
Max Born Award of the Optical Society of America in 2008.

Robert W. Boyd was born in Buffalo, New York. He received the B.S. degree in physics from MIT and the Ph.D.
degree in physics from the University of California at Berkeley. His Ph.D. thesis was supervised by Charles Townes
and involves the use of nonlinear optical techniques in infrared detection for astronomy. Prof. Boyd joined the faculty of the University of Rochester in 1977. He is currently
the M. Parker Givens Professor of Optics and Professor of
Physics. His research interests include studies of ⬙slow⬙ and ⬙fast⬙ light propagation, quantum imaging techniques, nonlinear optical interactions, studies of the
nonlinear optical properties of materials, and the development of photonic devices including photonic biosensors. Professor Boyd has written two books, coedited two anthologies, published over 300 research papers, and been awarded
five patents. He is the 2009 recipient of the Willis E. Lamb Award for Laser Science and Quantum Optics. Prof. Boyd is a fellow of the American Physical Society (APS) and of the Optical Society of America (OSA). He is a past chair of
the Division of Laser Science of APS and has been a member of the Board of
Directors of OSA. He has also served as an APS representative and chair of the
Joint Council on Quantum Electronics (it is joint among APS, OSA, and IEEE/
LEOS). Prof. Boyd has served as a member of the Board of Editors of Physical
Review Letters and is currently a member of the Board of Reviewing Editors of
Science Magazine. As of 2010, he became the Canada Excellence Research
Chair in Quantum Nonlinear Optics at the University of Ottawa, Canada.

Advances in Optics and Photonics 2, 519–553 (2010) doi:10.1364/AOP.2.000519

553

