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Abstract
We develop simple theoretical models for calculating the effective linear susceptibilities of
layered and Maxwell Garnett composite materials with a gain resonance in one of their
components. We distinguish two cases of resonant components: the case of ‘pure resonant
emitters’, in which all the atoms or molecules of the resonant medium are of the same sort, and
the case of ‘resonant emitters in a background’, in which only a fraction of the molecules or
atoms comprising the resonant component of a composite material are in resonance with the
optical field. Analysis of these models suggests that local-field effects in composite materials
can provide a useful means for controlling the optical properties of laser gain media.
Keywords: composite optical materials, laser properties, laser gain media, local-field effects
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of the upper laser level, small-signal gain coefficient, and
saturation intensity, can be controlled independently by means
of local-field effects [16]. In that publication, we made an
approximation, treating a composite material of any geometry
as a quasi-homogeneous medium characterized by an effective
refractive index, with the local-field effects accounted for using
the Lorentz model [5, 6]. Within that model, the local field
Eloc acting on a typical molecule or atom of a medium is
related to the macroscopic average field E in the medium
according to the expression Eloc /E = ( + 2)/3, where 
is the dielectric permittivity of the medium. The Lorentz
model of the local field has been shown to be applicable
to homogeneous media where only one type of atom or
molecule is present [17]. However, local-field effects can
manifest themselves differently in composite materials, and
separate theoretical models for describing the laser properties
of different composite geometries [18] are needed. In this
study we report such models for layered [9, 18] and Maxwell
Garnett [7, 18–20] composite geometries. One can follow the
recipe that we give in the current paper to assess the laser
properties of more complex composite systems as well.
In section 2 we present an overview of the Lorentz and
Onsager models, which are used for describing local-field
effects in homogeneous (non-composite) media. In section 3

1. Introduction
Nanocomposite optical materials, which are nanoscale
mixtures of two or more homogeneous materials, are becoming
increasingly important in laser applications as nanofabrication
technology has been rapidly developing.
In particular,
nanoscale ceramic composite laser gain media with improved
optical properties have been reported [1, 2]. It has also been
shown that one can improve the performance of a laser material
by mixing it with some other material on a nanoscale in such a
way that the thermal refractive index changes of the resulting
composite material are smaller than those of either of the
constituents [3, 4]. In the current paper we are concerned
with a somewhat different approach to controlling the laser
properties of nanocomposite materials: by implementing localfield effects [5, 6].
It has been previously shown that local-field effects in
nanocomposite materials can lead to a large enhancement
of the nonlinear optical response [7–15]. The influence
of local-field effects on the linear optical properties of
composite materials is not as dramatic, but certainly deserves
investigation, as it can be a useful tool in controlling the
laser properties of materials. We have recently shown that
the basic laser properties, such as the radiative lifetime
1464-4258/09/024002+11$30.00
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we present the modifications to the Lorentz model for the case
in which only a fraction of the atoms or molecules comprising
a medium is in resonance with the applied optical field. We
use the general results obtained in section 3 in the following
sections. In section 4 we consider composite materials
of layered geometry under the assumption that one of the
constituents contains molecules or atoms that are in resonance
with the optical field. We derive the complex susceptibility for
such a system, from which one can deduce the absorption and
gain coefficients. In the process of the derivation, we obtain
a modified local-field-induced frequency shift, similar to the
well-known Lorentz red shift [21] in ‘pure’ systems with only
one type of molecule or atom. We perform similar calculations
for the Maxwell Garnett composite geometry in section 5.
In section 6 we analyze the results obtained in the previous
sections, considering two physical systems corresponding to
the layered and Maxwell Garnett composite geometries. We
summarize our conclusions in section 7.

the dipole field of the molecule in the cavity. The resulting
local field is given by
Eloc =

It is conventional to describe local-field effects in a
homogeneous material medium using the well-known Lorentz
model. In the simplest version of this model, one treats
the medium as a cubic lattice of point dipoles of the same
sort. In order to find the local field acting on a typical
dipole of the medium, one surrounds the dipole of interest
with an imaginary spherical cavity of radius much larger than
the distance between the dipoles, and much smaller than the
optical wavelength of interest. The contributions to the local
field from the dipoles situated inside the spherical cavity are
accounted for exactly, while the dipoles outside the cavity are
treated as uniformly distributed, characterized by some average
macroscopic polarization P. This approach yields the wellknown expression3
4π
P
3

(1)

for the local field in terms of the average macroscopic electric
field E and the macroscopic polarization. The details of the
derivation of equation (1) are given elsewhere [5, 6, 22]. It is
also convenient to express the local field as
Eloc = L E

3. Lorentz local field in a resonant medium

(2)

We first consider a pure, homogeneous resonant medium
illuminated by an optical field of frequency ω. We assume
that the field is tuned close to a resonance of the atoms. In
that case we can treat the medium roughly as a collection
of two-level atoms, and can apply a well-known formalism,
based on the Maxwell–Bloch equations [26], to describe the
optical properties of such a medium. We insert the local field
into the equations for the slowly varying amplitude σ (1) of the
coherence σ̃ (1) (t) = σ (1) exp (−iωt) + c.c. and population
inversion w:


1
1
σ̇ (1) = i −
(5a )
σ (1) − iκwE loc ;
T2
2

in terms of the local-field correction factor

L=

+2
.
3

(3)

The other commonly used model for describing the
local field in homogeneous media has been developed by
Onsager [23]. In his study, Onsager treats a molecule or atom
as being enclosed in a tiny real cavity in the medium. Then
the field acting on the molecule is divided into the cavity field,
which would exist at the center of the real cavity in the absence
of the molecule, and the reaction field, which corrects the
cavity field for the polarization of the surrounding medium by
3

(4)

with the first and second terms being the cavity and reaction
field, respectively. Here a is the cavity radius, and p is the
dipole moment of the molecule. Even though the Lorentz and
Onsager models yield different expressions for the local field,
microscopic theories, developed in [17] and [24], reconcile
those two models, which appear to be two special cases of the
more general theories.
In reality, there is no need to apply a full microscopic
treatment of local-field effects in order to describe an
experimental outcome. In most cases, one of the two
macroscopic theories works reasonably well. The Onsager
model is applicable to polar liquids, while the Lorentz model
is applicable to solids and non-polar liquids. Both models
can describe a guest–host system. The Lorentz model
describes such a system in cases when the guest’s molecule
or atom replaces a molecule or atom of the host with similar
polarizability [17]. An example is neodymium-doped YAG,
where neodymium guest ions replace yttrium ions in the
crystalline structure. Both neodymium and yttrium belong to
the class of rare-earth metals, which implies that they have
similar properties. The Onsager model is more suitable when
the polarizability of a guest is significantly different from that
of the host molecules or atoms. Then the guest not only forms a
cavity in the host medium, but affects the local field outside the
cavity [23, 25]. A good example of such a guest–host system
is provided by liquid solutions of fullerene C60 [25].
In this paper we consider composite materials consisting
of two homogeneous constituents. When studying local-field
effects in more complex systems one should account for the
local field in the constituents, together with the local-field
modifications imposed by the geometry of the composite.
Within this study, we limit ourselves to the case in which the
homogeneous constituents obey the Lorentz model of the local
field. One can easily extend our formalism to the case of
Onsager-type constituents.

2. Local-field models for homogeneous media

Eloc = E +

3
2( − 1)
E+
p
2 + 1
(2 + 1)a 3

ẇ = −

We use Gaussian units in this paper.

2



w − weq
∗
+ i κ E loc (σ (1) )∗ − κ ∗ E loc
σ (1) .
T1

(5b )
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Here  = ω − ω0 is the detuning of the optical frequency
ω from the atomic resonance frequency ω0 , T1 and T2 are
the population and coherence relaxation times, respectively,
weq is the equilibrium value of the population inversion (e.g.,
in the case of an uninverted system, weq = −1), and κ =
2μ/h̄ , where μ is the dipole moment of the atomic transition.
Here and below, we use a tilde to denote the time-dependent
quantities, and similar variables without a tilde to denote their
slowly varying amplitudes. We will only concern ourselves
here with the linear optical response. The superscript ‘(1)’ is
used to emphasize this.
We substitute the Lorentz local field, given by equation (1), with the average electric field in the medium Ẽ(t) and
macroscopic polarization P̃(t) into the Maxwell–Bloch equations (5). It is convenient to express the slowly varying amplitude P in terms of the coherence, transition dipole moment,
and molecular or atomic density N according to [27]

The above analysis is valid for the case of ‘pure resonant
emitters’ (PREs) in which all atoms are of the same sort.
However, when dealing with laser gain media, it is more typical
to have a system with atoms or molecules of two or more
sorts. Therefore, it is useful to modify the above two-level
model to consider the case in which one has a background
(host) material with the transition frequencies far from that
of the optical field, doped with some portion of atoms with
a transition frequency in resonance with the optical field. We
refer to this case as ‘resonant emitters in a background’ (REBs)
in this paper. For this kind of medium, we can split the total
polarization entering equation (1) for the Lorentz local field
(we call it Ptot from now on) into a contribution coming from
the atoms of the background medium and a contribution from
the resonant atoms:
(1)
Ptot = Nbg αbg E loc + Nres μ∗res σres
,

(12)

Substitution of equation (6) into equations (5) with the local
field in the form of equation (1) results in the appearance of the
inversion-dependent frequency shift, L w, in the equation for
σ (1) ,


1
1
(1)
σ (1) − iκwE,
σ̇ = i + iL w −
(7)
T2
2

where αbg is the polarizability of a background atom. Here
and below the parameters with the subscripts ‘bg’ and ‘res’
refer to the background and resonant atoms or molecules
of the medium. As we consider only media in which the
Lorentz model of the local field is valid, both resonant and
background types of molecules or atoms should experience the
same Lorentz local field.
One can relate here the polarizability αbg to the dielectric
constant of the background material bg using the Clausius–
Mossotti (or Lorentz–Lorenz) relation [6, 22, 25]

which is a consequence of local-field effects. The quantity L
is known as the Lorentz red shift [21], and is given by

bg − 1
4π
=
Nbg αbg .
bg + 2
3

P = Nμ∗ σ (1) .

4π N|μ|2
L = −
.
3
h̄

(6)

Substituting equation (12) into equation (1) for the local field
and using the Clausius–Mossotti relation (13) and equation (3)
for the local-field correction factor, we find


4π
E loc = L bg E +
Pres ,
(14)
3

(8)

The inversion-dependent frequency shift L w involves a shift
of the resonance of the atomic transition. The equation for the
population inversion w retains its form upon the substitution of
the local field (1), with E in place of E loc .
The slowly varying amplitude P of the macroscopic
polarization can be expressed in terms of the linear
susceptibility χ (1) as P = χ (1) E . We find from equation (6)
that
Nμ∗ σ (1)
.
χ (1) =
(9)
E
Substituting the steady-state solution of equation (5a ) for the
coherence σ (1) yields

χ

(1)

weq
N|μ|2
=
.
h̄  + L weq + i/T2

where L bg = (bg + 2)/3 is the local-field correction factor
in the background medium. The expression for the local field
reduces to equation (1) if one considers a vacuum to be a
background medium.
Next, we find the susceptibility of the medium from the
relationship χ (1) = Ptot /E . Substituting equation (13) into
equation (12) for the total polarization, and then equation (12)
(1)
into the above relationship
and the steady-state solution for σres
(1)
for χ , we arrive at the result
(1)
χ (1) = χbg
+

(10)

L 2bg weq,res
Nres |μres |2
 + L weq,res + i/T2,res
h̄

(15)

for the linear susceptibility of the REB medium. The frequency
shift L is a modified Lorentz red shift given by

Now we can find small-signal gain (g0 ) and absorption (α0 )
coefficients of the medium from [16]:
4πω
g0 = −α0 = − √ Imχ (1) .
c 

(13)

L = −

(11)

4π Nres |μres |2
L bg = L bg L .
3
h̄

(16)

This enhancement of the Lorentz red shift by L bg due to
the influence of the background dielectric medium had been
previously noted in [28]4 .

The dielectric permittivity  entering equation (11) is the
effective dielectric permittivity, describing the dielectric
properties of the entire material structure away from its
resonances.

4 This shift should be distinguished from another frequency shift of an atom in
a host dielectric, namely the correction to the Lamb shift due to van der Waals
interactions of the guest and host atoms. The latter is analyzed in [29].

3
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where j = a, b , for the mesoscopic fields in layers a and
b. The macroscopic polarization is related to the mesoscopic
polarizations in layers a and b as

P = f a pa + f b pb

with the volume fractions obeying the relationship f a + f b = 1.
As the applied optical field’s frequency does not coincide with
any of the resonances of the medium b , we can simply write

Figure 1. Layered composite material.

pb = χb(1) eb

4. Linear susceptibility of layered composite
materials

ea =

eff,⊥

=

fa
fb
+ .
a
b

4π fa χb(1)

1+

1

eb =

(17)

E−

4π f b
1 + 4π f a χb(1)

pa

(22a )

1+

(1)
4π f a χ b

E+

4π f a
(1)

1 + 4π f a χ b

pa .

(22b )

Next we want to express the local field E a,loc in a layer a
in terms of the average field E and the mesoscopic polarization
pa . Here we distinguish two cases: the case of PREs, in which
all the atoms or molecules of the material a are of the same
sort, and the case of REBs, in which only some of the atoms
or molecules of the homogeneous medium a are in resonance
with the optical field.
4.1. Case of pure resonant emitters

(18)

We first treat the simpler case of PREs in the constituent a . In
this case, the local field in the medium a takes the form

In the latter case the electric field is non-uniformly distributed
between the two constituents in the composite, and localfield effects are of particular interest. In our study we will
consider the situation in which the incident electric field has
a component perpendicular to the layers.
Let us assume that both components a and b of our layered
composite material respond linearly to the applied optical field.
Assume that the field of frequency ω is tuned close to one of
the resonances of the component a , but does not coincide with
any of the resonances of the component b . We further follow
the recipe given in [9] for deriving the local field in a layer a .
We choose an axis Z to be perpendicular to the layers and
focus on describing the Z -component of the electric field and
polarization. We define E and P to be the average macroscopic
field and polarization in the composite material, respectively,
ea and eb to denote mesoscopic fields in layers a and b,
respectively, E a,loc as a local field in layer a , and pa and pb as
mesoscopic polarizations in layers a and b , respectively. For
simplicity of notation, we do not write the indices z , indicating
Z -components for the fields and polarizations. Following the
results obtained in [9] we can write

e j = E + 4π P − 4π p j ,

b

and

Here f a and f b are the volume fractions of the species a and b ,
respectively. The electric field in this case is spatially uniform,
as the boundary conditions require continuity of its tangential
part on the border between the two constituents. For light
polarized perpendicular to the layers, the effective dielectric
constant is given by
1

(21)

for the mesoscopic field and polarization in a layer b , with
χb(1) denoting the linear susceptibility in the layer. Using
equation (21) and the relationship b = 1 + 4πχb(1) for the
dielectric constant and susceptibility in layer b , we obtain from
equation (19) the expressions for the mesoscopic fields in terms
of the average field E and the mesoscopic polarization pa in the
form

Layered composite materials [9, 18] are periodic structures
consisting of alternating layers of two or more homogeneous
materials with different optical properties. The thicknesses of
the layers should be much smaller than the optical wavelength.
We will consider a layered composite material comprised of
two types of homogeneous media (we call them a and b ) with
different optical properties (see figure 1). Layered composite
materials are anisotropic. For light polarized parallel to the
layers of such a composite the effective (average) dielectric
constant is given by a simple volume average of the dielectric
constants of the constituents:

eff, = f a a + f b b .

(20)

E a,loc = ea +

4π
pa .
3

(23)

Substituting equation (22a ) into equation (23), we find the
expression for the local field in terms of the average field and
the mesoscopic polarization in a layer a ,

E a,loc =

b
1+

(1)
4π f a χ b

E+

4π f a b − 2 f b
pa .
3 1 + 4π fa χb(1)

(24)

The effective susceptibility of the layered composite
(1)
= P/E . Substituting pb in
material can be found from χeff
the form of equation (21) and pa in the form of equation (6)
into equation (20) for the macroscopic polarization, and using
equation (22b ) for eb and the steady-state solution for the
coherence σa(1) , we finally obtain the expression for the
effective susceptibility of a layered composite material with
PREs in the constituent a :
f a b2
weq,a
Na |μa |2
(1)
χeff
=
(1) 2

+

w
h̄
l
eq,a + i/T2,a
(1 + 4 π f a χ b )

+

(19)
4

f b χb(1)
1 + 4π f a χb(1)

.

(25)
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The local-field-induced frequency shift l of the resonance
feature has the form

l = −

4π |μa |2 Na f a b − 2 f b
.
(1)
h̄
3
1 + 4π f a χ b

(26)

The subscript ‘a ’ for the atomic parameters indicates that they
refer to the resonant constituent a . One can easily verify that in
the limiting case of f a → 1 and f b → 0 equation (25) reduces
to equation (10) for the susceptibility of a pure homogeneous
medium, and equation (26) takes the form of equation (8) for
the Lorentz red shift. In the opposite limiting case of f a → 0
and f b → 1, the effective susceptibility reduces to χb(1) .

Figure 2. Maxwell Garnett composite material.

modified Lorentz red shift (16). In the opposite limiting case
(1)
(1)
of f a → 0 and f b → 1, we obtain χeff = χb .

4.2. Case of resonant emitters in a background

5. Linear susceptibility of Maxwell Garnett
composite materials

Now we consider the case of REBs in layers a . In that case,
the local field E a,loc in the layer a can be expressed as

E a,loc

4π
= ea +
( pa,bg + pa,res ).
3

The Maxwell Garnett type of composite geometry is a
collection of small particles (the inclusions) distributed in a
host medium (see figure 2). The inclusions are assumed
to be spheres of a size much smaller than the optical
wavelength; the distance between them must be much larger
than their characteristic size and much smaller than the
optical wavelength. Under these conditions, one can treat the
composite material as an effective medium, characterized by
an effective (average) dielectric constant, eff , which satisfies
the relation [7, 19, 20]

(27)

The background and resonant contributions to the total
mesoscopic polarization of the material a are given by

and

pa,bg = Na,bg αa,bg E a,loc

(28a )

)
pa,res = Na,res μ∗a,res σa,(1res
.

(28b )

Substituting equations (28a ) and (22a ) into equation (27)
yields the expression for the local field in terms of the
average field and the resonant contribution to the mesoscopic
polarization,
L a,bg b
E a,loc =
E
(1)
(1)
1 + 4π( f a χb + f b χa,bg )

eff − h
i − h
= fi
.
eff + 2h
i + 2h

Here h and i are the dielectric constants of the host and
inclusion materials, respectively, and fi is the volume fraction
of the inclusion material in the composite.
In this section we derive the local-field-corrected total
susceptibility function for a Maxwell Garnett composite
material with homogeneous host and inclusion materials.
Because of the geometry of Maxwell Garnett composite
materials, the local field is uniform in the inclusion medium
and non-uniform in the host [7]. We limit ourselves to treating
the case of resonant species in inclusions, as treating a more
complicated case of resonance in a host is beyond the scope
of this paper. Following our recipe, one can numerically solve
the problem of deducing the total susceptibility and associated
frequency shift of the resonant feature for the latter case.
Assuming that both the host and inclusion materials
respond linearly to the applied optical field and following the
prescriptions given in [7], we derive equation (A.8) for the
mesoscopic electric field ei in an inclusion in the appendix.
Here we drop the vector notation, as the inclusion medium is
assumed to be isotropic and uniform:

(1)

+

4π L a,bg (1 + 4π fa χb − 3 fb )
pa,res .
(1)
3 1 + 4π( f a χb(1) + fb χa,
bg )

(29)

(1)
= P/E ,
We find the effective susceptibility from χeff
using equations (20), (21), (22b ), (28), (29), and the steady)
state solution for the coherence σa,(1res
:
b
b
(1)
χeff = f a
(1)
(1)
(1)
1 + 4π f a χb 1 + 4π( f a χb + f b χa,bg )



(1)
(1)
4π χa,bg (1 + 4π f a χb − 3 f b )
(1)
+1
× χa,bg + L a,bg
(1)
3 1 + 4π( f a χb(1) + f b χa,
bg )

×
+

weq, res
Na,res |μa,res |2

h̄
 + l weq, res + i/T2,res
f b χb(1)
1 + 4π f a χb(1)

.

(30)

The frequency shift l of the resonant feature is given by

l = −

4π |μa,res |
h̄
3

2

(32)

ei =

(1)
Na,res L a,bg (1 + 4π f a χb − 3 f b )
.
(1)
(1)
1 + 4π( f a χb + f b χa,bg )

3h
3h −

(1)
4π f h χ h

E−

4π
f h pi .
3h

(33)

In the above equation χh(1) and f h are the linear susceptibility
and volume fraction of the host, respectively, and pi is the
mesoscopic polarization in an inclusion. As in section 4, we
consider the cases of PREs and REBs in inclusions.

(31)
In the limit f a → 1 and fb → 0, equation (30) reduces
to equation (15), and the frequency shift (31) reduces to the
5
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5.1. Case of pure resonant emitters

5.2. Case of resonant emitters in a background

We obtain the expression for the local field E i,loc acting on the
emitters in an inclusion from equation (1):

Here we consider the case of REBs in inclusions. The local
field E i,loc acting on an emitter in an inclusion is given by
equation (35) in terms of the macroscopic field E and the
mesoscopic polarization pi in an inclusion, but we need to
express it in terms of the field E and the resonant part pi,res
of the polarization pi , which is now

E i,loc = ei +

4π
pi .
3

(34)

Substituting equation (33) yields

E i,loc =

3h
3h −

(1)
4π f h χ h

E+

4π h (2 + f i ) − 2 f h
pi . (35)
3 3h − 4π f h χh(1)

pi = pi,bg + pi,res .

The background non-resonant and resonant contributions to the
mesoscopic polarization of an inclusion are given by

Substituting the local field (35) into the Maxwell–Bloch
equations (5), we find their steady-state solutions.
The macroscopic polarization P is an average of the
mesoscopic polarization p(r ):

P=

˜ − r  ) p(r  ) dr  .
(r

and

(36)

pi (r )

if r ∈ inclusion,

ph (r )

if r ∈ host,

(37)

+

we can represent the macroscopic polarization as an average of
the mesoscopic polarizations pi and ph in the inclusions and
host:

P=

˜ − r  ) pi (r  ) dr  +
(r

(43a )

pi,res = Ni,res μ∗i,res σi(,1res) .

(43b )

4π
h (2 + fi ) − 2 f h
pi,res
L i,bg
(1)
(1)
3
3h + 4π f h (χi,bg − χh )

(44)

for the local field in terms of the macroscopic field and resonant
contribution to the mesoscopic polarization. Substituting the
local field in the form of equation (44) into the Maxwell–
Bloch equations (5), we find the steady-state solution for the
coherence σi(,1res) .
(1)
One can find the effective susceptibility from χeff
=
P/E by substituting P from equation (39) with ei given by
equation (33) and pi given by equations (42) and (43), and the
(1)
steady-state solution for σi,res :
3h
3h
(1)
χeff
= fi
(1)
(1)
(1)
3h − 4π f h χh 3h + 4π f h (χi,bg − χh )



(1)
4π χi,bg [h (2 + f i ) − 2 f h ]
(1)
+1
× χi,bg + L i,bg
3 3h + 4π f h (χi(,1bg) − χh(1) )

˜ − r  ) ph(r  ) dr  . (38)
(r

We can represent the macroscopic electric field E as an average
of the mesoscopic electric fields in the inclusion and host in a
similar way. Since the mesoscopic polarization and electric
field in an inclusion are uniform, the first term on the righthand side of equation (38) is equal to f i pi . Similarly, one can
obtain f i ei for the electric field. Using this result, we find the
expression for the macroscopic polarization:

P = fi pi (r ) + χh(1) E − f i χh(1) ei (r ).

pi,bg = Ni,bg αi,bg E i,loc

Substituting equations (42) and (43) into equation (35) yields
the expression
3h L i,bg
E
E i,loc =
3h + 4π f h (χi(,1bg) − χh(1) )

˜ ) is defined in [7] and in the
The weighting function (r
appendix. Introducing the functions
p(r ) =

(42)

(39)

Substituting equation (33) for ei , equation (6) for the resonant
pi , and the steady-state solution for σi(1) into equation (39)
for the macroscopic polarization, and using the relationship
(1)
χeff
= P/E , we finally obtain the expression for the effective
susceptibility of a Maxwell Garnett composite material with a
resonance in the inclusions:

2
3h
Ni |μi |2
(1)
χeff = f i
(1)
h̄
3h − 4π fh χh

×

weq, res
Ni,res |μi,res |2
 + MG weq, res + i/T2,res
h̄

+ fh χh(1)

2h + 1

.
(45)
(1)
3h − 4π f h χh
The frequency shift MG is given by


4π Ni,res |μi,res |2 L i,bg h (2 + f i ) − 2 f h

. (46)
MG = −
(1)
(1)
3
h̄
3h + 4π f h (χi,bg − χh )

weq, i
χ (1) (2h + 1)
+ fh h
.
(40)
(1)
 + MG weq, i + i/T2
3h − 4π fh χh
The Maxwell Garnett frequency shift MG of the resonance
feature has the form
4π Ni |μi |2 h (2 + f i ) − 2 f h
MG = −
.
(41)
h̄
3
3h − 4π f h χh(1)
×

In the limit f i → 1 and f h → 0, equation (45) reduces
to equation (15), and the frequency shift (46) reduces to the
(1)
modified Lorentz red shift (16). In the opposite limit, χeff =
χb(1) .

The subscript ‘i’ on the atomic parameters indicates that they
refer to the inclusion material. It is easy to verify that
equation (40) reduces to equation (10), and the frequency
shift (41) reduces to the Lorentz red shift (8), in the limit
(1)
f i → 1 and f h → 0. We obtain χeff
= χh(1) in the opposite
limiting case.

6. Analysis
In this section we analyze the results for the effective linear
susceptibility obtained in the previous sections for the layered
and Maxwell Garnett composite materials.
6
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6.1. Layered geometry
The local-field-corrected effective linear susceptibility for a
layered composite material with the resonance in the layers a
is given by equation (25) for the case in which all the atoms
or molecules of a are of the same sort (PRE case), and by
equation (30) for the case in which the component a consists of
particles of different sorts (REB case). One can find the smallsignal gain coefficient of the layered composite material by
substituting an expression for the effective susceptibility into
equation (11).
Here we analyze the behavior of the small-signal gain
as a function of various parameters, choosing a Rhodamine
6G-doped PMMA laser gain medium as the resonant species
a in our layered composite material. The parameters of the
gain medium that we used for our analysis are the emission
peak wavelength λ0 = 590 nm, the transverse relaxation time
T2 = 100 fs, the transition cross section σtr = 2 × 10−16 cm2 ,
the Rhodamine molecular concentration N = 1.8 × 1018 cm−3 ,
and the refractive index of PMMA, n bg = 1.4953. We take
the component b to be an unspecified material and vary its
refractive index to see how it affects the optical response of
Rhodamine-doped PMMA.
Rhodamine-doped PMMA is an example of the REB
case, and, therefore, one should use equation (30) in order
to describe the effective susceptibility of the system with
Rhodamine-doped PMMA resonant layers. We compare the
model given by equation (30) to the case of PREs, described
by equation (25), in order to test whether one can use the
latter approximation in case of REBs. Using the PRE model
in this physical case implies that we neglect the presence of
PMMA, assuming that the Rhodamine molecules are sitting in
a vacuum.
We also find it informative to compare the results given
by the more precise REB model (30) to that of the simplified
model that we proposed in our earlier publication (see
equation (40b) in [16]). The approximation underlying the
simplified model is that a composite laser gain medium is
represented as a quasi-homogeneous medium characterized
by an effective refractive index, and the local-field effects
are accounted for by the Lorentz model for homogeneous
media. For the purpose of comparison, we adapt this simplified
model to our REB case in the following way. We take the
expression (15) for the linear susceptibility of a medium with
(1)
REBs, substituting χeff , deduced from equation (18) for eff
(1)
of a layered composite material, in place of χbg , and L eff =
(eff + 2)/3 in place of L bg . We also multiply the atomic
densities appearing in the expression by the fill fraction f a to
take into account the fact that, by changing the fill fraction of
the resonant component, we change the density of the resonant
molecules. Then we substitute the resulting expression for
χ (1) to equation (11) to find the small-signal gain coefficient,
corresponding to the simplified model.
Setting the equilibrium value of the population inversion
weq = 1, which corresponds to a fully inverted amplifying
system, and the detuning of the optical field with respect to
the resonance  = 0, we plot the small-signal gain calculated
using the effective susceptibility given by equation (30) as a
function of the refractive index of the non-resonant component

Figure 3. Small-signal gain of a layered composite material as a
function of the refractive index of the non-resonant component for
different values of the fill fraction of the resonant component:
(a) REB case (derived from equation (30)), (b) PRE case (from
equation (25)), (c) a simplified model from [16].

n b in figure 3(a), and of f a in figure 4. In addition, we plot
the gain coefficients derived from equation (25) and from the
simplified model of [16] as functions of n b in figures 3(b)
and (c), respectively. The comparison between parts (a) and (b)
of figure 3 indicates that the results for the cases of PREs and
REBs differ significantly, which means that the approximation
based on the assumption that all the atoms or molecules of the
resonant species are of the same sort does not work in the REB
case. The comparison of figures 3(a) and (c) shows moreover
that the simplified model is insufficiently precise. Therefore,
as we stated earlier [16], it is only good enough for a proofof-principle study, and separate, more precise models for each
composite geometry are required for an accurate description of
the optical response.
It can be seen from figures 3 and 4 that the gain coefficient
tends to grow with the increase of the refractive index of the
7
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Figure 4. Small-signal gain of a layered composite material as a
function of the fill fraction of the resonant component for different
values of the refractive index of the non-resonant component. The
gain is derived from equation (30) for the REB case.

Figure 5. Small-signal gain of a layered composite material as a
function of the detuning of the optical field with respect to the
molecular resonant frequency. Marked on the graphs are the values
of equilibrium population inversion.

non-resonant component. The reason for this behavior is that
the electric field tends to localize in the regions of a dielectric
with lower refractive index [9]. Therefore, the higher the
refractive index of the non-resonant layers is, the more the
electric field is displaced into the resonant layers, which causes
a stronger gain. The behavior of the gain coefficient as a
function of f a is more complex. It grows monotonically with
the increase of fa for small refractive indices. In the case
n b = n bg the growth is linear. For high values of the refractive
index the small-signal gain displays a rapid growth with the
increase of the fill fraction until it reaches a maximum value,
corresponding to an optimal value of f a , after which it starts
to decrease with further increase of f a . This behavior can be
understood as follows. The initial growth of g0 with f a is due
to the fact that the number of resonant molecules in the medium
increases. On the other hand, by increasing f a , we make our
layers with the resonant molecules thicker, and the local field,
highly concentrated in these layers because of the high value
of n b , spreads over the layers, and each individual molecule
‘feels’ a smaller value of the local field. This causes the gain
to decrease with the increase of f a beyond an optimal value.
Thus, in order to achieve maximum gain or absorption in a
layered composite material, one needs to use a non-resonant
component with a high refractive index, while keeping the fill
fraction of the resonant component low.
Setting f a = 0.5 and n b = 1.8, we plot in figure 5 the
small-signal gain for REBs in the component a as a function
of the frequency detuning  of the optical field with respect to
the molecular resonance for different values of weq . Variation
of the population inversion from weq = −1, corresponding to
an uninverted system, to weq = 1, describing a fully inverted
system, clearly shows how the composite medium changes
from an absorber to an amplifier. In reality, it is not possible to
achieve a full inversion, so most physical cases correspond to
weq < 0.5.

inclusions is given by equations (40) and (45), respectively.
Substituting these expressions into equation (11), we obtain the
small-signal gain coefficients for the cases of PREs and REBs.
We take for our analysis a Maxwell Garnett composite
material with Nd:YAG nanoparticles as inclusions. We use
the emission wavelength λ0 = 1.064 μm, the transverse
relaxation time T2 = 3 ms, the transition cross section σtr =
4.6 × 10−19 cm2 , the neodymium atomic concentration N =
1.37 × 1020 cm−3 (this value corresponds to 1 at.% of Nd in
YAG), and the YAG refractive index n bg = 1.82. We take
the host to be an unspecified medium, and vary its refractive
index n h to see how it affects the optical response of Nd:YAG
nanoparticles.
Nd:YAG corresponds to the case of REBs, which
means that the effective susceptibility of the Maxwell
Garnett composite material with Nd:YAG inclusions obeys
equation (45). As in section 5, we compare the small-signal
gain coefficients, corresponding to the REB model, given by
equation (45), to the PRE model, given by equation (40), and
to the simplified model from [16], adapted to our case, in
order to test the applicability of the latter two approximations.
(1)
The simplified model is derived from equation (15) with χeff
and L eff , deduced from equation (32) for eff of the Maxwell
(1)
Garnett composite material, in place of χbg
and L bg . In
addition, we multiply the atomic density in the resulting
equation by the inclusion fill fraction f i in order to account
for its change with the change of f i . Then we substitute the
resulting expression for χ (1) into equation (11) to deduce the
gain coefficient.
Setting the equilibrium value of the population inversion
weq = 1 and the detuning  = 0, we plot the smallsignal gain coefficients derived from the REB (equation (45))
and PRE (equation (40)) models, and from the simplified
model, as functions of the refractive index of the host n h in
figures 6(a), (b), and (c), respectively. The dependence of g0 ,
derived from equation (45), on the inclusion fill fraction fi is
depicted in figure 7. A comparison of part (a) with parts (b)
and (c) of figure 6 suggests that, as in the case of the layered
composite geometry, the PRE approximation and simplified

6.2. Maxwell Garnett geometry
The effective linear susceptibility for the Maxwell Garnett
composite geometry for the cases of PREs and REBs in
8
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Figure 7. Small-signal gain of the Maxwell Garnett composite
material as a function of the inclusion fill fraction for different values
of the host refractive index. g0 is derived from equation (45) for the
REB case.

Figure 8. Small-signal gain of the Maxwell Garnett composite
material as a function of the detuning of the optical field with respect
to the molecular resonant frequency. Marked on the graphs are the
values of equilibrium population inversion.

√
of n h . However, the term [ eff ]−1 , where eff is given by
equation (32), decreases with the increase of n h , and at some
value of the host refractive index its decrease overcompensates
(1)
the growth of Im χeff . As a result, g0 starts to decrease with
further increase of n h .
It is important to keep in mind that the Maxwell Garnett
model works well only for low fill fractions of the inclusions
( f i  0.5). It does not account for a percolation phenomenon
that occurs when f i is higher than a certain value.
In figure 8 we plot the small-signal gain coefficient as
a function of the detuning  for different values of the
equilibrium population inversion weq with the fixed values
f i = 0.01 and n h = 1.3. As in the case of the layered
composite geometry, one can see the change from absorption
to amplification as weq changes from −1 to 1.

Figure 6. Small-signal gain of the Maxwell Garnett composite
material as a function of the refractive index of the non-resonant host
for different values of the inclusion fill fraction: (a) REB case (from
equation (45)), (b) PRE case (from equation (40)), (c) a simplified
model from [16].

model do not agree with the more precise description of the
Maxwell Garnett composite material with REBs in inclusions.
One can see from figures 6 and 7 that the small-signal
gain of the Maxwell Garnett composite geometry exhibits a
monotonic growth with the increase of f i . It increases to some
maximum value with the increase of the host refractive index,
and then decreases with further growth of n h . The monotonic
growth of g0 with f i is due to the fact that, unlike in layered
composite materials, the increase of the inclusion fill fraction
in the Maxwell Garnett composite material is not accompanied
by the decrease in the local field in an inclusion. The reason for
the complex behavior of g0 as a function of n h is as follows. It
√
(1)
is seen from equation (11) that g0 ∝ [ eff ]−1 Im χeff . Due to
the electric field localization in the component with the lower
(1)
refractive index, Im χeff
grows monotonically with the increase

7. Conclusions
In this article we have developed theoretical models describing
the effective linear susceptibility of layered and Maxwell
Garnett composite materials with resonant components of two
9
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e(r) at any point r of a Maxwell Garnett composite, obtained
in [7] (equation (3.8)):

types. The first type is a simple case of a resonant medium
in which all the molecules or atoms are of the same sort (we
call this the case of ‘pure resonant emitters’, or PREs). The
second type of resonant component corresponds to a situation
in which only a fraction of the molecules or atoms of the
medium are in resonance with the optical field (we call this
the case of ‘resonant emitters in a background’, or REBs). The
latter model is more realistic, as most laser gain media consist
of species of different sorts. Along the way, we derived the
expressions for the frequency shifts of the resonant features
with respect to the actual resonances, which are the analogs
of the famous Lorentz red shift in a homogeneous medium.
These frequency shifts for the layered and Maxwell Garnett
composite geometries with PRE and REB components differ
from the Lorentz red shift and from each other.
We analyzed the theoretically obtained expressions for
the effective susceptibilities for the following two physical
cases. The first case is a layered composite material with the
resonant component consisting of Rhodamine-doped PMMA.
The second case is a Maxwell Garnett composite material
with Nd:YAG nanoparticles as resonant inclusions. Plotting
the small-signal gain coefficients of the composite materials
as functions of the resonant component fill fraction and the
refractive index of the non-resonant component, we observed
the following behavior. The gain coefficient of the linear
composite geometry displayed a monotonic growth with the
increase of the refractive index. Plotting the gain coefficient
of the layered composite material as a function of the resonant
component fill fraction, we observed a more interesting and
complex behavior: the gain coefficient displayed a growth up
to a certain maximum value, and then a decrease with the
increase of the fill fraction of the resonant component. It
appears that one can achieve a maximal gain or absorption
with a layered composite geometry, taking a non-resonant
component with a high refractive index, while keeping the
fill fraction of the resonant component low. The small-signal
gain coefficient of the Maxwell Garnett composite material
exhibited a monotonic growth with the increase of the resonant
component fill fraction, and went through a maximum as a
function of the refractive index of the non-resonant component.
The layered geometry seems to be more promising for tailoring
the optical properties of the composite laser gain media: under
certain conditions the gain coefficient of the layered composite
geometry can exceed the gain coefficients of its constituents.
We believe that the theoretical study that we performed
in this paper will be helpful in designing composite laser gain
media with controlled optical properties.


4π  
P (r) − p (r) .
3h
(A.1)
↔
Here T (r) designates a static dipole–dipole coupling tensor for
a host medium with dielectric constant h . The mesoscopic
polarization p (r) is a linear part of the source polarization
defined in [7] (we will refer to it as the linear source
polarization). It is defined as
↔

  

T (r − r )p (r ) dr +

e(r) = E(r) +

p (r) =
(1)

(χi(1) − χh(1) )e(r),

if r ∈ inclusion,

0,

if r ∈ host.

(A.2)

(1)

Here χi and χh are the susceptibilities of the inclusion and
host media, respectively. In this paper we are not concerned
with the nonlinear interactions, so we do not consider the
nonlinear part of the source polarization. The macroscopic
linear source polarization P (r) is obtained by averaging p (r),
P (r) =

˜ r − r )p (r ) dr ,
(

(A.3)

˜ r) is a smoothly varying weighting function which
where (
has a range R much smaller than the wavelength of light, but
much larger than a typical separation distance between the
inclusions. The weighting function is normalized to unity:
˜ r − r ) dr = 1.
(

(A.4)

We are considering the mesoscopic field in an inclusion
of the Maxwell Garnett composite material. In the case of
an isotropic and uniform inclusion material one can assume
that the polarization p (r) and the electric field e(r) are
mesoscopically uniform over an inclusion. Based on the above
assumption and on the mathematical arguments given in [7],
we can set the term involving the dipole–dipole coupling tensor
in equation (A.1) equal to zero. This brings us to the expression
ei (r) = E(r) +


4π  
P (r) − p (r)
3h

(A.5)

for the mesoscopic field in an inclusion. We can find the
macroscopic average polarization P (r) from equation (A.3),
using the assumption that p (r) is mesoscopically uniform over
an inclusion:
P (r) = f i p (r).
(A.6)
Here f i is the volume fraction of the inclusions in the
composite material. Using equation (A.2), we can express the
mesoscopic polarization pi (r) in an inclusion as
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(A.7)

Substituting equations (A.6) and (A.7) into equation (A.5) and
making use of the relation f h + f i = 1 for the volume fractions
of the host and inclusion materials, we obtain the expression

Appendix. Mesoscopic field in an inclusion of a
Maxwell Garnett composite material

ei (r) =

In this appendix we derive the expression for the mesoscopic
field in an inclusion of a Maxwell Garnett composite material.
As a starting point, we use the result for the mesoscopic field

3h
3h −

(1)
4π f h χ h

E(r) −

4π
f h pi (r)
3h

for the mesoscopic field in an inclusion.
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